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1 Introduction

The usual approach to treating general relativity as a field theory is based on the La-
grangian formulation. For some purposes (e.g. numerical relativity and canonical quan-
tization), a Hamiltonian formulation is preferred. The Hamiltonian formulation of a field
theory, like the Hamiltonian formulation of particle mechanics, requires choosing a pre-
ferred time variable. For a single particle, proper time may be used, and the Hamiltonian
formulation remains manifestly covariant. For a continuous medium, the Hamiltonian
formulation requires that a time variable be defined everywhere, not just along the path
of one particle. Thus, the Hamiltonian formulation of general relativity requires a sepa-
ration of time and space coordinates, known as a 3+1 decomposition. Although the form
of the equations is no longer manifestly covariant, they are valid for any choice of time
coordinate, and for any coordinate system the results are equivalent to those obtained
from the Lagrangian approach.
It is convenient to decompose the metric as follows:

goo = = +7BiB; . goi=Bi, 9ij =i (1)

where %7 is the inverse of v;;, i.e. 47 = 6';. This 341 decomposition of the metric
replaces the 10 independent metric components by the lapse function a(x), the shift
vector (;(z), and the symmetric spatial metric 7;;(x). The inverse spacetime metric
components are ’ o

g — 1 0o _ P i — gy

— (/ —
a?’ a?’ a?

7 (2)



where 5° = 4Y3;. From now on, except as noted otherwise, all Latin (spatial) indices
are raised and lowered using the spatial metric. The determinant of the four-metric is
g = —a?y where 7 is the determinant of 7;;.

The 3+1 decomposition separates the treatment of time and space coordinates. In
place of four-dimensional gradients, we use time derivatives and three-dimensional gra-
dients. In these notes, the symbol V,; denotes the three-dimensional covariant
derivative with respect to the metric 7;;. We will not use the four-dimensional
covariant derivative. Thus,

VA = ;A + 7 AR L v = 27" (0m + kvt — Orve) - (3)

| —

In these notes we choose units so that 167G = 1. We assume a coordinate basis through-
out.

These notes first consider a general metric and then specialize to a perturbed Robertson-
Walker spacetime.

2 Curvature and Gravitational Actions

In the 3+1 approach, spacetime is described by a set of three-dimensional hypersurfaces
of constant time ¢ = 2° propagating forward in time. These hypersurfaces have intrinsic
curvature given by the three-dimensional Riemann tensor,

Rt = OV — OVt + Ve Vi = Vian Vit - (4)
k

ikj
®R = 49G)R,;. In addition to the intrinsic curvature, the hypersurface of constant
time has an extrinsic curvature K;; arising from its embedding in four-dimensional

spacetime:

Contractions define the three-dimensional Ricci tensor (3)Ri]~ = O®)RF . and Ricci scalar,

1
K = % (ViBj + VB — Oyij) - (5)

The full spacetime curvature is related to the intrinsic and extrinsic curvature of the
constant-time hypersurfaces by the Gauss-Codazzi equations

1
WRO = == (VilG = VikG) (6)

and
(4)lekl — (S)lekl _ (4)R0jklﬂz + KZkKjl . KZlKjk ) (7)
MTW and other sources give these relations assuming an orthonormal basis, for which
" =0 and a = 1. Equations (6) and (7) are exact for any coordinate basis. The other
components of the four-dimensional Riemann tensor follow from
1 1 1
WRY, = ——0 Ky — K; Ky, — SViViat — [V;(B°Kiy,) + K Vif"] (8)

i0j
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and
WRF, = WRM B+ [WRY,8 — WRY,] B + a [VFK; — ViKE ] (9)

These equations may be combined to give:

DRk = PRiym + KiKj — KyKjy, (10a)
(4)R0jkl = (4)Rz‘jkl6i + (VK — ViKj,) = (4)Rkl0j , (10b)
(4)R0i0j = a@tKij + 042Ki kKjk -+ oniVja + Oéﬁkkaij
—aVi(B*Kj) — aV;(3* Kik) + DRy 86" (10c)
and
WRY,, = ORY + K'\ K’ — K',K’, + Eﬁ[ ViK', (11a)
‘ 1 . .
WRY, = —&(kafl ~ VK7, , (11b)
i 1 i i Lo, 1 i 1 i
WRY . = —aatK i+ K KR - ~V'Va+ avj(ﬁkK L) — E(Vkﬁ )K*, . (11c)
From these one obtains the four-dimensional Einstein tensor components
G - g V7 [Ky K9 — K2 — OR] (12a)
2a2ﬂ I 1] 9
Y = — - t=2 (KY — KAY 12b
2052\/7 ) H ﬁvj( P)/ ) ) ( )
y Bi3H 1 y 1 y
GY = _— ) P BGRYU _ ZG)IR~U
1 L . 1 L L .
__(Vlvj o ’}/Z]VQ)O( + _vk (ﬁlpjk‘ + /ijlk‘ o ﬁkng)
o «
. . . 1 1 .
+2P", P — pPY — 3 (PMP’” — 5132) v, (12¢)
where K = 7;; K%Y and ) ) ) )
PY = KyY — K", P=~;P". (13)

(Components of the four-dimensional Riemann and Einstein tensors are raised and low-
ered using the four-dimensional metric; components of all other quantities, including
K;; and the three-dimensional Riemann tensor, are raised and lowered using 7;;.) The
four-dimensional Ricci scalar obeys

V=9“R = a7 [K; K7 — K* + OR] - 20,(\/7 K) +20; [A(KB = V'a)] . (14)



Equation (14) provides an expression for the Einstein-Hilbert Lagrangian in the 3+1
decomposition. This expression includes two derivative terms that make no contribution
to the equations of motion. We may therefore define a new action involving the intrinsic
and extrinsic curvatures of the hypersurfaces of constant coordinate time. The result is
the ADM action [1]:

Sapm(a, B, vij] = /d4$ Laomle, Bi,vi7) s Lapm = a7 [Ky K7 — K2 +®R] . (15)

The intrinsic curvature term may be integrated by parts to give
/ PR dr = / (V5 = 2" i) Vi + an? (Wi — i) v dz - (16)

plus a surface term § oz(vjkvj-k — Y vjl?k)dSi, where dS; is the covariant surface element.

3 ADM Formulation

In the Lagrangian approach, the classical equations of motion follow from extremizing the
total action with respect to the metric fields a(z), Bi(x), vi;(z) and any matter fields.
The matter action Sy also depends on the metric fields. The functional derivative is
defined by the integrand of a variation, neglecting any boundary terms arising from total
derivatives, e.g.

3S[vi) = 6lim05[%j(:c) + 07i5 ()] — STvij(x)] = /d4a: (55:;) dvij(x) (17)

Yij—

where there variation is carried to first order in 0+;;. The four-dimensional stress-energy
tensor is given by

2 0S5y
T = 2 _COM 18
a') 69;”/ ( )
Using equation (1), this gives

05m _ 2 00
Sa @ VYT, (19a)
05 y
(WM = a7y YIT; (19Db)
55 1 y o
M= a1 - GETY) (190)
Yij 2

(Note that four-dimensional components are always used for 7" and G*”. Their compo-
nents are raised and lowered using the full spacetime metric.) Varying the ADM action



with respect to the metric fields gives

(555ADM — H =22’ 5G™ (20a)
oY
5%&;1\/{ = —H = 20,777, | (20b)
0SapM ij G pii _ LB)p. il

S = SO PY) oy [ R~ SOy

. ) . 1 1 -
—an/y {2Plkpf’f — PP — 3 <PMP“ — —P2> w]

2
= —aq(G7 - pFGY). (20c)
Combining equations (19) and (20) with §Sapm + 0Su = 0 yields the Einstein equations
1
GH = §T’W . (21)

In the mechanics of a system of finitely many degrees of freedom, S = [ L(q, ¢, t) dt
where ¢ are generalized coordinates and ¢ = dg/dt are coordinate velocities. The tran-
sition to a Hamiltonian formulation begins with the definition of canonical momenta,
p = 0L/Jq. In field theory, there are infinitely many degrees of freedom; the Lagrangian
L = [ Ld% sums over every field variable. The discrete variables ¢ are, in effect, re-
placed by infinitely many variables a(z)d®z, and so on. The field Lagrangian is now
regarded as a function of both the generalized coordinates («, 3,;;) and their velocities
(&, 8, i), where a dot denotes 0;. Note that the coordinate time ¢ must be singled out
to define generalized momenta, and the Hamiltonian formulation regards time and space
derivatives in very different ways — time derivatives act on individual generalized coor-
dinates (the field values at fixed spatial position) while space derivatives relate different
field values. Using equations (5) and (15), one finds the momenta conjugate to «, f;,
and ;; are, respectively,

L spm

= ~ 22

Ta % 0, (22a)

= a[’A.DMQO, (22b)
9P;

i oz QLaDM gt iy — 5 pi

7= T (R - KY) = TP (220)

ij

(The matter Lagrangian is assumed to be independent of the time derivative of the metric
so it makes no contribution to the momenta.) In the classical theory, the momenta
conjugate to a and [3; vanish because the Lagrangian is independent of & and (. In
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quantum field theory, 7, and 7% vanish “weakly,” i.e. on shell (denoted by ~ 0). In the
language of Dirac [2], equations (22a) and (22b) are called primary constraints.
The Hamiltonian follows from Legendre transformation of the action:

H = / [C'Wa + B’ + Ay — Lapm — »CM] d*z

= / |:d7l'a + ﬁﬂl’l + 27TUV(Zﬁ]) - QOéKijﬂ'ij — EADM — EM] d3x

)

. L g
am, + B — « ( ADM 2K2~j7r”>
«

—ﬁi(aﬂij + 8j7rﬂ + 27;,€7rjk) — Ly | B

In the second line we have used equation (5) and in the last line we have integrated by
parts the 9(;3;) terms and dropped the irrelevant boundary terms. Writing K;; in terms
of 7'/ using equations (13) and (22c), we obtain the ADM Hamiltonian,

H(Oé, ﬁia 72)7 T, 7.‘.2'7 ﬂ-w) = / (O'éﬂ—a + 627‘-2 + OéH + /BZHl - EM) dsx ) (2?))
where
H = i <74k7.l _ 17..%“) ikl ﬁ(?’)R (24)
\/,7 J 2 J ’
, . 3 o i
H = —(0,79 + 0,77 4+ 298, k) = =2,/ V~< ) ) 25
( J J jk ) \/_ J ﬁ ( )

These are exactly the same quantities introduced in equations (12a)—-(12b) except that
now they are expressed in terms of the canonical fields and momenta. The three-
dimensional Ricci scalar is a function of the fields ;; only (it contains no time derivatives)
and its spatial integral should be integrated by parts to eliminate the spatial derivatives.
Note that the Hamiltonian densities H and H*® must be regarded as functions of the
canonical variables 7;; and 7%/ and not, for example, 7 ; = ;™ or 7 = ;7.

The ADM Hamiltonian includes terms &, + ﬁmZ that would seem to depend on ve-
locities. In fact, & and @ are Lagrange multipliers which enforce the primary constraints
7o ~ 0 and 7 ~ 0. These Lagrange multipliers are arbitrary and will be constrained later
by gauge-fixing. General covariance (diffeomorphism-invariance) allows us to replace &
and 6, by any functions of the metric variables (a, 3;,7;;). This procedure amounts to
making a gauge choice. For now we impose no gauge conditions.

We can obtain the equations of motion using equal-time Poisson brackets, which are
defined by

0A 0B 0A 0B
A B} = _ - & . 2
(5= [ [mxx,t)éwx,t) ST 1) by )| (26)
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The fundamental Poisson brackets are

{a(x), Wq(x’)} = 5%’(){ —-x), (27a)
{8i(x), m'(x")} = &', 53‘(X —-x'), (27b)
{(x), 7 (x)} = & (k5jl)53 (x —x) . (27c)

Using them, we may obtain the time evolution of the canonical variables:

a = {o,H} = ala, Bi,7vij) (28a)
B = {8, H} = Bi(e, Bi,viy) (28b)
Yij = {vip, HY = Vi + V6 + %(27% — T™i5) 5 (28c)
fo = {Ta, H} = —H+ %“f =-H-a*AT" =0, (28d)

p . 58y A 3
7 = {r',H}=-H+ 5 —H' + a1y =0, (28e)

7 = {79 H} = —a\/y {(3)311 — 5(3)3721}

- iy 236k _ gkrij
AT =599 = v | 2T = ]

o 1 1 A0S
. |:27Tzkﬂ'jk — 7 — = <7Tkl7rkl — —7T2) 'y”} + (28f)

Equations (28a)—(28b) contain no dynamical content whatsoever; they arise as Lagrange
multipliers. Equations (28d)—(28f) are equivalent to equations (19)—(21). Equation (28¢)
reproduces equation (22¢). Equations (28d) and (28e) are called secondary constraints
or dynamical constraints, as they enforce the primary constraints 7, ~ 0 and 7 ~ 0.
In the quantum theory, they imply that the wave function does not depend on o and
B [2]. The last equation, (28f), contains the actual dynamics of the gravitational field.
From equations (28c) and (28f), we see that ~;; (unlike o and ;) obeys a second-order
differential equation in time.

We now wish to eliminate the non-dynamical degrees of freedom from the Hamilto-
nian. This is done following the prescription given by Dirac [2] and detailed by Weinberg
[4]. The first step is to solve the secondary constraints for the non-dynamical variables «
and (. The results depend on the matter fields. For a scalar field ¢(z) with Lagrangian
density

Ly = V= | 50" (0:6)(0,6) ~ V(0)| (29)



varying the action yields

0S : g

DM (b B0+ 0@ V)| . (30)
0S . g

e e C (300)
0S o

= S(0,0) 010) (300)

Solving equations (28d) and (28e) for av and f3; gives the following constraints:

C, = %wuam)(@@wvw) (- Bod?~0,  (3la)
G = (6—Bad)ae) + T~ (31h)

val

where H and H; are the functions of ;; and 7 given by equations (24) and (25).

4 Eliminating non-dynamical degrees of freedom

Equations (31) are insufficient to fix a and ;. They must be supplemented by gauge
conditions. For example, the following conditions are equivalent in the weak-field limit
to the transverse gauge conditions:

Xo=Vig'~0, x'=9;(v"*7)~0. (32)

(Yes, that really is v'/3.) These constraints include what Dirac called second-class con-

straints, i.e. those whose Poisson brackets with the primary and secondary constraints
do not vanish. We must follow the procedure outlined by [2] and [4], using the algebra
of second-class constraints to modify the Poisson brackets. With the modified brackets,
the commutators of constraints will lead to no new constraints and thereby provide a
Lie algebra. This section remains to be completed.

5 Perturbed Robertson-Walker Spacetime

To clarify the treatment of constraints and gauge-fixing, it is useful to analyze a pertur-
bative example. We choose the perturbed Robertson-Walker spacetime because of its
cosmological relevance and because it has been studied extensively using the Lagrangian
formulation.

The perturbed Robertson-Walker metric may be written

ds* = a(t) [-e**dt* + 2w; B ,da'dt + O%k(x)EklEljdxidxj} : (33)
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where the time-independent background Robertson-Walker spatial metric %v,;; and its
inverse %y are used to raise and lower all spatial indices unless otherwise noted. The
time coordinate is called conformal time and the spatial coordinates are called comoving
coordinates. We have introduced a spatial triad matrix £’ ;» which may be written

j i i i L
By = (), = 05—y b gy (31)

We require that ¥ be symmetric, i.e. 9;; = O%-kz/zkj = ;. The determinant of the
spatial metric is v = %ya% exp(—21¢)?;) where %y is the determinant of 0%]-.

The metric of equation (33) has been parameterized in a fully general form but we
will treat (P, w;, wkj) as being small perturbations and will compute the Hamiltonian to
second order in these variables. The translation of our new metric variables to those of
equation (1) is

a = a(em—l—ofyijwiwj)lﬂ:a 1—|—<I>+%(®2+w2) +ee ],
B = atwiE?, = ¥ — w4 )
a72%'j = O%'kEszlj = 0%’;’ — 2y + 2¢ik¢kj +o,
Ay = O,YikElkEjl = 008 4 21 4 2t M 4 (35)
where E = exp(V) is the matrix inverse of E = exp(—V), i.e. E' E*, = E? EF = §' .
The connection coefficients with respect to ;; are

v =09k + E¥ "V E' ) + EME, OV E", — ElmEn(iOVmE"ﬂ] : (36)

where Oyfj is the connection and °V; is the covariant derivative, both taken with respect
to %;;. Taylor expanding E to second order in ¥, we get

v =" g (37)
where
1%@' = OV, — Ovﬂﬂkj — V0", (38a)
v o= 208 [PV = OV ] 4+ 200 OVt — 240"V (38b)
Notice that the perturbations to the connection are three-tensors on the constant-time
hypersurfaces.

The extrinsic curvature, to second order in the perturbations, is given by
_ 1 1
a 1Kij = —n 1—-@ + 5 ((1)2 — w2):| O%]‘ + |:OV(i"LUj) + E@,:(a%bij) (1 — (I))
1
—¢k(¢ovj)wk + [Ov(il/)kj) — OV ] wy — gat(f%k?ﬁkj) ; (39)
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where n = a/a. This gives the following extrinsic curvature contribution to the ADM
action:

a7 (KK — K?)
a2\/@
+[~(ij[~(ij _ (f(ii)z ' [q)f(ii n wijd‘}ij 4w OV — OVJ'W})]
—n? [3(@% — w?) — 209 — p* + 0] | (40)

— 61 + 2 [2B7, + (30 — )]

where ) = 4", and
~ 1
Kij = "Vaw)) + —0(a*ty) (41)
reduces to the extrinsic curvature when a = 0. Cosmic expansion (@ # 0) introduces
many terms. The second and third lines of equation (40) give the second-order contri-
butions.
Expanding the intrinsic curvature to second order in the perturbations gives

ORa® = 6K +4K (v + ¢ih7) +2(°V2 — OV,0V j4p7)
~(OVa) (V') = (Vi) (")
-V, [2¢”8ﬂb - 2¢3k<17;'k) - OVJR(Q%Z%)} ) (42)
where K is the three-dimensional curvature of the background Robertson-Walker space

and has nothing to do with I~(Z] The intrinsic curvature contribution to the ADM action
is then:

Ray/y ij
NG 6K L+ (P — )] + 4K +2(°V? — °V,0V,;47)
+3K[(® — ¥)? + w?] + 4K (D — ) + 4Ky + 2(® — ) (OV — OV,0V4Y)
—(V) (V') = OV () = OV [2090,0 — 207 () ="V Ca)] - (43)

The second and third lines give the second-order contributions and a total derivative
term that may be discarded.

The ADM Lagrangian follows from combining equations (40) and (43). The zeroth-
order part is

['ADM ’Yz] - (l2 \/ ( 677 + 71] OAU) 9 OAZ] = O/YZkfi OVJZk - 0'7113 O’Ykl . (44)

Varying the total action with respect to a(7) and %y,;(x) gives the Friedmann and energy
conservation equations for homogeneous matter at rest in comoving coordinates. We
assume henceforth that the zeroth-order metric functions are known, and examine the
first-order and second-order Lagrangians.
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The first-order ADM Lagrangian is

1£ADM _ 71 0. ji 0 z]
— 29 [2K7, 4+ (30 - 4)] + (77, = 77 ,)ox(@ — v)

CL2 /07
+ [(@ =) °9 4+ 207 Uy — 2 | = Oy 0| OV (45)

Extremizing the first-order action with respect to ® gives the Friedmann equation

1
1 6("Sapm) =6(n*+ K) = 24'G" = — —— =a'T" = 167Ga’py . (46)

N ET a2\/0y 00

Here, pg is the unperturbed density. Extremizing the first-order action with respect to
w; gives the consistency condition °V,; %% = 0. Extremizing the first-order action with
respect to v;; gives

1 5(*Sapm)

aQ\/@ Otij

1 65

—2(20) + ® + 3K)%y7 + 247 + —8k [0y (044 = 0416098
e
44 O,}/kl(z O’y ) _9 ,y(z])k o,yl _9 O,Yk(ik Ofyj)ll
= =220+ + K)Ov” = 2a"G"

1§ ; ;
- _ S = TV = 167Ga’p, °~" . (47)

a%/@ 0

Here, pg is the unperturbed pressure. In summary, extremizing the first-order action gives
the unperturbed Einstein equations. This repeats what happened with the zeroth-order
action. If we define a(7) and %y;;(x) to be the classical solutions for the Robertson-
Walker spacetime, then the zeroth-order and first-order action both vanish identically.
In the quantum theory, a and O'yij equal the classical functions multiplied by the identity
operator so that they commute with all observables.

The dynamics of the perturbations (®,w;,;;) follow from the second-order La-
grangian density,

2
L o~ ~. . 4 :
ADM _ Kin’Lj . <K1i>2 o 477 [(I)Kzi 4 wwwij + wz(Oviw - Ovjwji)]
(12 0,-),

+(K —n?) (302 — 204 — 9 + 44;007) + 3(n* + K )w?

+2(® — ) OV — OV OV ) — OV ) (OV'Y) — OV ) (1) L (48)

where we have discarded the boundary terms of equation (48). Varying this Lagrangian
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with respect to the metric fields gives

1 5(2SADM) 072 07 0 ij i 0 i
YN ("V? +2K)y — V,"V, 07 — 2n(¢ + 3n® + "Vu')
+3(n2 + K)(® — 1), (49a)
1 6(3Sapm) ) 1, e i o
= —_— 2K ? J ) (2 2 @
N (V+ )w+ VI(°V, ) — OV 9" 4+ OV () + 2nD)
+3(n° + K)w' | (49b)
1 6(3Sapm)

S e T — (02 + 200, — OV + 2K — (9, + 2n) [Ov("wﬁ OV pw*)0y ”]
|+ 20(@ + ) + 2020 + 1)@ + VLV 09
_(OVIOVT 045 02) (@ — 4p) — 207l i)
—(20+ 17"+ K)(® =)™y . (49¢)

In deriving these we used the commutators

V'V = VIV = K8 — 6w ' '
(kaovl - OVIOW)W = K(5Zk07nz - 5210%01?”] + K(5]k0’7nl - 6]l07nk>wm . (50)

Equations (49) (with % = ¢%% — h¥) reproduces the Einstein tensor components
given in Ref. [5]. As we will see, the last line of each of equations (49) arises from the
unperturbed Einstein tensor and will disappear when we add the matter action terms to
the Lagrangian.

To show this, we write the Lagrangian for scalar field matter (29) in a perturbed
Robertson-Walker spacetime by letting ¢ — ¢o(t) + ¢(x) and using the perturbed metric
to second order. The result is

G = 3 V0@ i 56"~ V60t 6.0+ Vo)~ 3P 00000
— 5@+ D)o + ) = (WA 0+ 6) — (B~ )V (60 + 6,0)
—5 [ = )07 + 209 (2,6)(@30)
7 (@) — 0] (B0 ) + (2 -+ 0)(do + ) (wDi0)
5 09) — (do -+ DI wids) — [(@ — ¥ + 4 ] (016)(010)
2 (@ 4] [P0+ 6,0) + 3 9(00)(010)| 51
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where
V(p,a) = a?V(e) . (52)

We have not linearized the scalar field; ¢ can be arbitrarily large. We have only dropped
terms higher than quadratic in the metric perturbations. The terms in the first bracket
give the Lagrangian for a spatially homogeneous scalar field ¢o(t). The second bracket
gives contributions that are independent of the metric perturbations. The second and
third lines give terms that are first order in the metric perturbations; the remaining lines
give terms that are second order. The zeroth-order Lagrangian gives the equation of
motion

oV
2 =0 53
b0 + 2ndo + —— e (53)
and
2 1 12 7 2
apy = §¢o + V(po,a) =6(n" + K) , (54a)
1.
a*py = §¢(2) (¢0» a)=-202n+n" + K) . (54b)
Together these imply
1. )
1% =K (55)

Now we linearize the scalar field by treating ¢ as a first-order quantity, similarly to
the metric perturbations. The first-order scalar-field Lagrangian is

1£M
az\/_

Varying this with respect to ¢g reproduces equation (53). Varying it with respect to the
metric perturbations and comparing with equations (46) and (47) reproduces equations
(b4a) and (54b). As with the gravitational action, the first-order matter action yields
nothing new. We have to go to second order in the perturbations to see the dynamics of
the perturbations.

The second-order scalar-field Lagrangian is

W\ _ga. (56)

1. . .
= (P —1) {éd)g — V(¢o, @)] + o — 90

2L _ 1
a2 /07 2
% (@ + ) — ] qag_%[@—wuwﬂ V (60, @) — (& — ) 2L

8 = "19(0:0)(;9) - &¢2—[@+ww+wﬂﬂ¢o

- % (57)
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Differentiating it gives

1 0(2Sy) -
TN @ pol® — ) + oo + - Son ¢ OGR
= @ [po(® — ) +dp] , (58a)
528 : A
_a2\1/@ ((5wliv[) = d’pow’ + ¢o(°77)0;0 = a* [pow’ — (po + po)v'] . (58b)
1 6(3Swm)

= |a’po(® — ¢)+¢o¢—%¢ q>¢2 0yt

= a’[po(® — ) +dp]°7 . (58¢)

a2 \/@ 0

As expected, the terms proportional to a?py and a®py cancel the last terms in equations
(49) when the matter and gravitational actions are combined. The perturbations of
energy density, velocity, and pressure are dp, v, and dp.

5.1 Hamiltonian Formulation

Before proceeding further with the ADM Lagrangian in a perturbed Robertson-Walker
spacetime, we first compute the Hamiltonian for the scalar field, using the second-order
Lagrangian. The canonical momentum of the scalar field is 75 = 9(*Ly1)/0¢, which gives

o _ 4 (o bo . 59
a6 @ (59)

Performing the Legendre transformation, we get

HM . 1 Wi p ‘
T = 3 e + e

+Ye;+ (P — )7

(P + )0 + dow'dip

f

1., =~
A &%+vwwﬂ[@—¢f+w}. (60)
With a = 1, the first set of terms (in square brackets) gives the Hamiltonian density of
a scalar field in flat spacetime. The other terms give gravitational couplings.
Next we compute the ADM Hamiltonian by Legendre transformation of equation
(48). The momentum conjugate to ¥y, is 77 = 9L apm /0, which gives

"

202,/

= 7 + OV — Oy | 4 20 + ¢) + OVt | (61)
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The ADM Hamiltonian density is given (up to irrelevant boundary terms) by

i 1/ k)2
Hapm : o mgmd = () '

aQ\/@ = Omg +wm" + 4(@2\/@)2 — a2\/— [ ((Wj) + (P + ) %J}
w0 — 1207 @1 — AK P — 2(@ — ) [(OVZ + 2Ky — OV,0V 4]
+(OVa) (V) + OVip?) (M) = 3(n + K) [(@ — ¢)* + w?] (62)

The last term cancels the last term of equation (60).
The net Hamiltonian for the fields is given by adding equations (60) and (62):

H[(I)vﬂ-‘bawiuﬂi7¢7ﬂ¢7¢ij‘7ﬂ—ij] = / (HADM +HM) de

= / (H¢ + H¢ + Hint + (I)H.:p + lel> dBI s (63)

where
a%y/0y i ij
M, = ©Y [ o P00+ " OV (614
T — L(mk)? i
Hy = = da?/0y S -ty + @’/ Oy (V) OV — 20V 0t ]
—a’\/0y ("V) [PVigp — 2°Wupy| + 4K (4% — 00 )a’ /Oy (64b)
Hie = | doms — GQ\/@ﬂﬁb (8 (64c)
do
He = ¢.507T¢ — oty + 6L2\/0_ 2(°V2 + 20 + 4P ) + 2°VOV 00 + a%¢ (64d)
H = 8-7?” + O’yi I 02\/2)_’7 (¢oaj¢ + 477@'1?)0’7”
= a0 |V, ( ol (G0 + 4najw)ov”] : (64e)

We have ignored the Lagrange multiplier terms ®me and ;7" since they play no role in
the dynamics; ® and w; will follow from the equations of motion combined with gauge
constraints. In equations (64), H, depends only on ¢ and its conjugate momentum, H,,
depends only on 1);; and its conjugate momentum, and H;, is a coupling between ¢ and
1;;. Because the Hamiltonian is independent of ® and w;, the corresponding momenta
vanish weakly: 7y ~ 0 and 7* ~ 0. As we will see, He and H’ are constraints on the
dynamical fields ¢ and 1);; and their momenta.
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The fundamental Poisson brackets are

{o(x),me(y)} = Px—y), (65a)
{w;(x),7'(y)} = 5ij Fx-y), (65b)
{6(x), ms(y)} = *(x - y) (65¢)
{tu(x), 7 (y)} = & 46 % (x—y) . (65d)

Using them, we obtain the classical time evolution of the canonical variables:

¢ = {¢,H}= + (D + 1)y (66a)
_ l
%’j = {%j, H} = % 2(\7;2 i _ DV(z'wj) - 77(@ + Wo%j ) (66b)
7:('q> = {ﬂ'q),H}——H@((ﬁ 7T¢,1/12], ) NO (66C)
o= {7T H} - _HZ(Qb wwa ) ~0, (66d)
fy = {me, H} = a*/0y [“W 57 A a¢ O (@ — )+ (V)| L (660)
7 nﬂkko,yij

— +20v2_2K 2j_20v7,0vj_0 ij()v? q)_
A = i — 2 09) (@ — 1)

+2 207+ 20%)@ — 2K + OV, OV + 2OV k)] Oy

409 i)k av oy o ij £
4°VV Vi —i—(d%qﬁ aQ\/7> (66f)

A superscript 0 has been neglected on the Vi on the third line of equation (66f) for
notational clarity. Equations (66a) and (66b) reproduce equations (59) and (61), respec-
tively. Equations (66¢) and (66d) are secondary constraints which enforce the primary
constraints e ~ 0 and 7 &~ 0. They are equivalent to equations (49a) and (49b)
combined with equations (58a) and (58b).

The last two equations, (66e) and (66f), contain the actual dynamics of the scalar and
gravitational field. Combining equations (66a) and (66e) gives the equation of motion
for the scalar field:

b2 — 920+ 2V 5 90V g b+ oV (67)
o 960

Combining equations (66b) and (66f) yields the equation of motion for 1;;. They are
simplest when separated into the trace and trace-free parts. We write

Yij = = si;, s =0 (68)
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Note that 1» = 3W¥ where ¥ is the usual notation for the gauge-invariant spatial curvature
perturbation. By combining the Hamilton equations (66), we get

.. . . 1
U+ (20 + @) + —°v2(<1> —U) — KU + (20 +nH)®
1 T 1 270 k 1 0 0 ij

1 .
= 4ArGa?Sp — @at [ (OVw")] + G 0V.°V,s" . (69)
The traceless parts of equations (66b) and (66f) give

(07 + 200, — V2 4+ 2K)s;; — (0 + 20)°V wj) + ( VoV, — 3 Lo SR OVQ) (U — @)

|
= =5 "0+ 20) (OViu®) = 20V Vs (70)

Equations (69) and (70) simplify when we impose the transverse gauge conditions
. . 1 ) :
Xo ="Vt =0, ="Vt =V, (gww - W’“) ~0. (71)

We have introduced the symbols yo and x’ for gauge constraints to be used later.

For the remainder of this subsection we assume these gauge conditions hold and
explore the classical equations of motion. Then the right-hand side of equation (70)
vanishes. Using the scalar-vector-tensor decomposition, the left-hand side separates into
parts that are doubly transverse (s;;), semi-transverse [V ;w;)], and doubly longitudinal
(® — ¢). All three parts must vanish separately, yielding

(8,? + 27]815 — 0V2 —+ K)Sij =0 y (72&)
(0 +20)°Vwy = 0, (72b)
( ViV, — Ow Oryid °v2> (T-®) = 0. (72¢)

The first of these is the evolution equation for gravitational waves. The second equation
implies w; = 0: in linear theory, a scalar field cannot generate a vector mode. The third
equation implies that ¥ — & is spatially homogeneous. Any time-varying contribution
to this contribution may be gauged away by modifying that background curvature and
hence is unmeasurable. We may therefore conclude that ® = .

Next we examine the secondary constraints. Using equations (59), (61), and (64d),
Hge = 0 gives

. 1 ..
(0V2 +3K)V —3n(¥ +nd) = (qbogb + %gb @%) (kawk) -5 OVz'OijU
1 ..
= 47TGG2(5,0 —+ n(ovkwk) — 5 OviOVjSZJ . (73)

17



From equations (49a) and (58a), this is equivalent to §(2S)/6® = 0. Similarly, using
equations (61) and (64e), H* = 0 implies

1 . 1 : 1 1
Z<OV2 +2K)w; = V(¥ +1®) = 1 Vi(bo¢) + 4 "Vi(Viw®) + 2 Vs,
1 1
= 47rGa2(po +p0)v,~ + 1 OVi(Oka’“) + 5 kaéki . (74)
From equations (49b) and (58b), this is equivalent to §(*S)/dw; = 0. With the gauge
conditions (71) imposed, equations (73) and (74) reduce to the standard equations for
gauge-invariant perturbations. They are initial-value constraints; their time derivatives

combined with equation (67) are redundant with equations (69) and (70).
Combining the equations of motion yields a single second-order equation for W:

U+ 314+ AT 4+ 3(2 — w)n*V — (54 3w) KV — V20 =0, (75)
where
20 —n+ K d 1dIn(1 2 OV
w200t e i Ld(tw) 2 OV g
0o 3(n? + K) 00 3 dlna 31 Odo

This equation is to be solved subject to appropriate initial conditions. Once V¥ is given,
the scalar field follows from the longitudinal part of equation (74) (or equivalently from
energy conservation),

2

0

o= —(T+nd) . (77)
In the transverse gauge, the complete classical solution of the linear perturbation problem
is given by the solutions of equations (72a) and (75) followed by (77), with ® = ¥ and

5.2 Reducing the Hamiltonian

The Hamiltonian of equation (63) is not ready for quantization because several of the
fields are constrained. We need to eliminate the constrained degrees of freedom. As
we will see, this involves two stages. In the first stage, we remove g, leaving us with
a Hamiltonian for ¢ and 1;; and their momenta. In the second stage, we reduce ¥;;
further to only its transverse-traceless part. These reductions will be performed using
the method of Dirac brackets [2, 3, 4]. From now on, we drop the subscript 0 from
the spatial metric, connection, and gradient. All fields are defined on the background
Robertson-Walker space.
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5.2.1 Eliminating g,

As we will see, the pg, parts of the metric perturbations are algebraically constrained
in terms of ¢;; and can be eliminated from the Hamiltonian system once we impose
the appropriate constraints. We consider the following constraints: 7 ~ 0 and 7! ~
(primary); He ~ 0 and H' ~ 0 (secondary); and yo ~ 0 and x; =~ 0 (gauge). We can
reduce the Hamiltonian only if the Poisson brackets of all pairs of constraints vanish
weakly. Such constraints are said to be first class.

The first step is therefore to evaluate the matrix of Poisson brackets of all pairs of
constraints. Considering only the primary and secondary constraints, it is easy to see
that they all vanish weakly except, possibly, {H4(Z), H'(7)}. To evaluate this Poisson
bracket, multiply He(Z) and H'(¢) by A(F)B(%), where A and B are any functions
whose Poisson brackets with all fields vanish. To handle the gradients appearing in the
constraints, integrate the Poisson bracket over volume (either d®z or d®y). The following
identity is useful:

L%l = VRT—Rify | L% = RIF g™ (9,8, — 1 8,) — 29" U) 8+ mod

(78)

where MM = Adkatm _ yilykm - The differential operator is defined so that L1, =

V2 —VIiVFkp.. After some effort, using this identity one can show {Hq(% ), H!(7)} = 0.

Thus, the Poisson brackets of the primary and secondary constraints vanish making them
first-class constraints.

When gauge constraints are added, some of the Poisson brackets no longer vanish.

We find

(b0 m @)} = [0 — | - y). (790)
{i(x). Ha(y)} = —n7""(x) {%j(y)% - %z(y)vj-k(X)] *(x —y)
+%n YR (x) [m(y) aii + ’m(waj(X)] (x—y), (79b)
i _ 1 ikl 82 m a 3
(OO H @)} = =300 |~ 0950 | 8-
5 | = k0| -y (79¢)

5 2100 + 000 + )| - y).

Given four gauge constraints and eight original constraints, we expect a total of 8§ —4 = 4
first-class constraints. Clearly mg remains first class. Where are the other three first-class
constraints?
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By integrating the Poisson brackets over volume, one finds that {yx;(x), He(y)} ~

0, so that Hg remains first class. The other two first-class constraints are found in

the decomposition of 7%(x) into longitudinal and transverse parts. To facilitate this

decomposition in a curved space, first we define the divergence and curl of the tensor

density 7'(x),

ol

V-m=0m, (Vx7)k= ity (M> : (80)
V4l

Here, €% is the Levi-Civita tensor density, and the divergence and curl of tensor densities
so defined are also tensor densities. Now we decompose 7*(x):

=

Wi(X):Wﬁ—{—Wi, V-7, =0, ﬁxﬁ”:(). (81)

Substituting into equation (79a), we find {xo(x),V X @(y)} ~ 0 implying that the
two independent components of 7, commute with all other constraints. Thus, of the
original 8 first-class constraints, 4 (7, Hg, 7’ ) remain first class, while the remaining
4 (Wﬁ,Hi) become second-class. The new constraints (o, y;) are also second-class. We
now implement Dirac’s method to convert the second-class constraints to first-class.

In general, the set of all second-class constraints x,, forms a matrix of Poisson brackets

Conn(%,¥) = {Xm (%), xn(y)} whose inverse Cry (x,¥) = {xm (%), xu(¥)} ™ = =Crn(y, %)
is defined by the relations

Z/d?’x’C' LX) O (X, y) = S (x—y)
Z/d%’ Cok (3, X)CLHXY) = 00’ (x—y) . (82)
k

The inverse matrix is used to define a new set of brackets, the Dirac brackets:

(U, V)b — (U(x), V(y)}
-y / a / Py U)o ' (¢ y) Dy ) V) . (83)

Here, U and V are any fields while the sum over (k, 1) is taken over only the second-class

constraints. It follows at once that the second-class constraints have vanishing Dirac

brackets with all fields, so that all constraints become first-class. The key to reducing

the Hamiltonian, a preliminary to canonical quantization, is to find the Dirac brackets.
In the present case it will prove useful to replace ’/Tﬁ by a scalar potential:

= -7 0w . (84)
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Equation (79a) can now be replaced by a Poisson bracket with w(y):

(030, 7(9)} = /3 7(y) L X Y) (85)

Ay \/y(x)

In flat coordinates this change is trivial, but in a curved geometry one needs to inte-
grate the Poisson brackets over volume with test function A(x)B(y) to demonstrate the
equivalence of equations (79a) and (85). Comparing equations (84) and (85), we obtain

ox),w(y)}t = ——. (86)

The second-class constraints decouple into pairs (xo,w) and (x;, H"). The inverse
constraint matrix element for the first pair are is

o), w)} ' = —{wy), xox)} ' = —v7(x) *(x—y) . (87)

It follows that the Dirac bracket of the vector gravitational potential and its canonical
momentum vanishes:
{w;(x), 7" (y)}p =0 (88)
At first this result is surprising because it implies that the field and canonical momentum
do not obey canonical bracket relations. The resolution is that w; and 7* vanish identi-
cally (both classically and quantum mechanically) because they are constrained rather
than dynamical degrees of freedom. Physically, scalar mode linear density fluctuations
cannot generate a vector mode.
The constraint matrix for the second pair of constraints is given by equation (79c).
Inverting this is accomplished most easily with a mode expansion in the eigenfunctions
of the spatial Laplace operator. To simplify the expressions we temporarily assume a

flat Robertson-Walker background with Cartesian coordinates, obtaining the following
Fourier representation: ***#*##xkx (NO: USE P*;!! No need to use Fourjer) *#t#ostictk

. . 3 @ik'(X*Y) . .
R L R Y e e GRS 0 BT

where n’ = k'/k. Because H' depends not only on 7 but also on ¢ and ), the Dirac
brackets couple 7/ to several fields. Using equation (83), one finds the complete set of
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nonzero Dirac brackets to be

{2(x), me(y)}p = 53(x—y) : (90a)
{o(x), m(y)}p = (90D)
{hux), 77 (y)}p = / d]; el (=y) {P( PJ)+ ;nknlpj] , (90c)
{rs(x), 77 (y)}p = ; / (ninj_é(sij) : (90d)
{r7(x),m™"(y)}p = 6a*n / %e%k =) (59 nFnt — nind gt | (90e)

where
P7 =~ - V'V (91)

projects out the longitudinal parts of a vector and leaves a transverse vector unchanged.
In flat spacetime, PY = 4% — nin/ may be regarded as the (inverse) metric for the
two-space orthogonal to the wavevector. Equation (91) generalizes this to arbitrary
Robertson-Walker spaces with the understanding that V=2f = g is equivalent to V3¢ =
f.

To proceed further we must decompose 1;; and 7 into longitudinal and transverse
parts. Symmetric two-index tensors may be decomposed into longitudinal and transverse
parts as follows:

i) = 0 () + 0l () + 65 () (92)
and similarly for 7%/, where there exists a scalar field f and a transverse vector ¥;- such
that

U =YV, Y = Vb where Vigt =0, Vi =0. (93)
We are now assuming arbitrary Robertson-Walker background. The gauge conditions
Xo = 0 and x; = 0 imply that we can write

vy = ViV, V20 @ 0= ”w@) w (94)

where @bl(f) is doubly transverse (but not traceless). Similarly, the secondary constraint
H? = 0 allows us to write
ij
=-V'VIVv~? (q30¢+ 1217\1/) + Z(” : (95)
as\/y

7Tij
a*\/y

where 7r( 3 is doubly transverse (but not traceless).
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Substituting equations (94) and (95) into (90c)—(90e), we get

{7 »)} = PLPIEx—y). (962)
[ra) )} = —2abPIR(x—y), (96)
{rh 0.} = 0. (96c)

We see that if we define new fields

N a1 N

by =y, 7 =)~ aP VTP (97)
all Dirac brackets vanish except

{660, M)}y = 6= y) s {0, 7)) = PLPI(x—y) . (98)

Thus, 7% is the conjugate momentum to 1@] Although we have nominally assumed a

flat background, equations (98) are valid for an arbitrary Robertson-Walker background.

The construction of Dirac brackets is equivalent to a canonical transformation [3]. In

the present case, the transformation from (¢, 1;;, 7, ) to (ngS, @/;ij, Try, ) is given by a
type 3 generating functional,

F3[7T¢,7Tij>€£»@@ij] = —/(W¢¢§+7Tij@2ij)d3w
+/ {—677% + %éoﬁg (7“1@5 - 3&)} a’\/ydx (99)

where 1 = V'V/V~2,; is the longitudinal part of ¢;;. The old and new fields are
related by

OF: OF: OF . OF.
b=—", Yy=—, =, W= (100)
0Ty o o 0ty
Evaluating these equations gives é = ¢, Ty = Ty, and
iy = Uiy = by + ViV, V2 (101a)

7 Gt ij
T ag A

in agreement with equations (94), (95) and (97). The carets (but not the tildes) may be
dropped from the right-hand side of these equations, with 1 = 1ﬂ|| =V,

The canonical transformation preserves the Poisson brackets. By restricting consid-
eration to only the transverse degrees of freedom, one arrives at the Poisson brackets of

+ VIVIV (1200 + dod) — %%Pij’éﬁ ., (101b)
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equation (98). Having shown that these are simply the Poisson brackets of transformed
fields, we may drop the subscript D. The longitudinal degrees of freedom in the original
fields 1);; and 7 follow as a result of our gauge conditions from the transverse fields
through equations (101). After replacing the Poisson brackets with Dirac brackets, all
constraints are now first class. The constraints and equations of motion yield

1 ..~

Like the primary, secondary, and gauge constraints, these are now strong equations
(in quantum mechanics, operator equations). The constrained variables can now be
eliminated from the Hamiltonian. We have reduced the dynamics to the four fields
present in ¢ and 1);;."

Under a canonical transformation the Hamiltonian changes:

0F;  OF;

Ho w50 =t o) [viavids. (103)

The new Hamiltonian is a functional of the fields (¢, i, 7y, #). It is obtained by
substituting equations (102) into the original Hamiltonian equation (63) and adding the
correction term of equation (103). The new Hamiltonian may be written H' = [ H' d*z,
where

/ a’\/y 735 2 0%V 9, 39,9
7oA — L(7R,)? ) e
+ = 4@2\2/5 — iy + @’y (Vk%'j)

~ 2
+ 2Ka%/A (D) + 2627 (1502 = 90 + 10K)YF

) 1. . oV
+ 4¢0w“ﬂ'¢ + Z¢o¢ﬁ'kk + QCLQW <377¢0 — %> (wa . (104)

where (V)2 = ~v9(9;¢)(0;¢). It is straightforward to verify that this Hamiltonian (plus
the now first-class constraint He = 0) reproduces the classical equations of motion
obtained from the Lagrangian. In particular, equations (98) and (104) are valid for any

curved Robertson-Walker background despite our temporary use of Cartesian coordinates
in equations (89) and (90).

I'Note that the transverse field is not traceless so it has three degrees of freedom instead of two. We
will find later that the trace part can also be eliminated from the Hamiltonian.
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5.2.2 Eliminating the Trace

The Hamiltonian simplifies if we decompose the transverse gravitational fields into trace
and trace-free parts,

7 ~1j 1 i
Vi = Pyt 7Y =S PYRN 4wy (105)
where ¢1T = —s;; and PUyLT = Pymi. = 0. Equation (104) gives
= i+ T (106)

where H) = [ Hjd*x with

Hl _ a2 ﬁ

o9

2
o

(a?/7)?
. . 1%
+4goy Ty + %(b()gbﬁ-kk — Uy + 203y (377% ~ 9o ) ol

+(Vo)? +

3¢

¢ + - ¢0¢]

+2a° /7 (Vi) + 60”7 (6F +1° + 0 (107)
and
Ty T7T TT\2 2 ™2 | 3
= [ L VA (VT 2K T e (109
The nonzero Poisson brackets of these new variables are
~ 1 7
(060730} == 3) {60, mhaly)} = | PP = GRar] S y)

(109)
The transverse-traceless degrees of freedom are ready for quantization. For complete-
ness, we give the classical equations of motion arising from Hrr:

(07 + 200, — V> + 2K)y.T =0, (110)

in agreement with equation (72a).
The scalar degrees of freedom, on the other hand, are not ready for quantization.

The Hamiltonian H, lacks a canonical kinetic term proportional to (7¥,)?, implying that

the equation of motion for ¢ does not involve 7%, . Consequently, the initial value of

7%, cannot be determined from initial values for ) and W. Instead, one must impose

the initial value constraint He = 0. Equations (64d) and (101) give

H iy 4 v
= te 0y Gt OV ey g g )i =0 . (111)

a’\/y Aty a2ﬁ 8¢>0
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Taking the time derivative of this constraint and using the equations of motion gives
another constraint on ¢ and 7%,

X2 = L + 3000 + 24y =~ 0 . (112)

=1’ az’\/_
Taking the time derivative again yields x2 = x1 — 21X2, so (x1, x2) form a closed al-
gebra under time evolution. These constraints will allow us to reduce the phase space
(&, 7, ), 7%,.) by two dimensions. They are weak equations because they are second-
class constraints until we apply the method of Dirac brackets (or equivalently find a
canonical transformation that makes them canonical fields) to make them first-class.
The Poisson bracket of the constraints is

Cra(xy) = ), x2(y)} = !

a?\/y(y)

(V2+3K)*(x—y), (113)

and its inverse is given by

Cai'(x,y) = %‘f\/@g(x, y) = EGQ\/WQ(%X) : (114)
where g(x,y) is defined as the bounded solution of

(V3 +3K)g(x,y) = 0°(x —y) = (V + 3K) g(y,x) . (115)
The other elements of C; ! (x,y) with (m,n) € {1,2} follow from the relations

Crn(%.¥) = Con(y,x) = —Crn(x,y) = —Crp(y, x) - (116)

Substituting equations (113) and (114) into (83), we find the following nonzero Dirac
brackets:

000 mly)ly = 6c—y) — Rglxy) (117a)
_ dog(x,y) _ doy(y.x)

v s R VT )

{¢(X)7ﬁkk(Y>}D - _677¢09(X7Y)7 (117C>

X))}y = (g;mn%) o(xy) (1174)
{ms(x), 7, Y}D _ % 3 <
20 = 3%{ y) = 7%09(y, )}

+677< +377¢0> 9(y,x) , (117e)

00,7}y = Jd00xy) (1171)
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These relations ensure that y; and ys have vanishing Dirac brackets with all canonical
variables (¢, 74, 1y, 7%,). Consequently, y; and x» are first-class constraints with respect
to the Dirac brackets and we may use x; = x2 = 0 to eliminate two degrees of freedom.
The retained degrees of freedom are

b=g, wmm- Dk,

(118)

The Dirac bracket of these fields is simply
{600.7(v)}, =0"x—¥) . (119)

Equations (118) and (119), together with the now first-class constraints (111) and (112),
imply equations (117).

As noted previously, the construction of Dirac brackets is equivalent to a canonical
transformation. The transformation from (¢, ¥y, my, 7%, ) to (qZ;, X2, T, X1) 18

. 1 .
F3[7T¢,7rkk,q§,x2,t] = /W¢¢d3$+ 18 Wkk( N ) (120)

The transformation is independent of x5 because of the first-class constraint y; = 0. Only
the scalar field and its (new) conjugate momentum enter the dynamics. The functional
derivatives of the generating function with respect to the fields reproduces the constraints
X1 = x2 = 0 and equations (118).

The reduced Hamiltonian for the scalar degrees of freedom is Hy = H{ + 0F3/0t.
Dropping the carets on ¢ and 7, the Hamiltonian is Ho[¢, 7, ¢] = [ Ho d*xz with

vy w 2, 3¢>o O 5 3 .o )
“16 ) ¢0(¢7T+7T¢) + 2a° /Y V(A + 3K)W + 2a°0;(/7 V70, ¥) , (121)
where W = 9| is the solution of the first-class constraint
¢507T 3¢0 .
LA+ 3KV = + |5 + +n—-K . 122
(A aR)w= 57 | s T >]¢ (122)

The last term in equation (121) is a surface term and may be dropped.
We have succeeded in reducing the Hamiltonian and may now drop the subscript D
on the Poisson brackets. As a check on the reduction procedure, we evaluate the classical
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equations of motion,

. 12 )

¢ = {¢7H0}:2L\/——38L;0¢+¢0‘1’7 (123a)
. 3% 0V 360V 3% (0 363
S A A‘@Tbﬁ‘%@%‘%(ﬁ+5>1¢

—a®\ ( + 3o — ?;i:;) . (123b)

Taking the time derivative of equation (122) and using equations (123), we get

1. .

Z%d) =V +nv, (124)
in agreement with equation (77). We also get the classical equation of motion for ¢,
oV
Ao

in agreement with equation (67). Gravitational effects lead to an effective negative
mass-squared term m?Z; = —167TGQ33 as well as a coupling between the acceleration of
the background field and the gravitational potential.

Taking the time derivative of equation (124) and using equations (122) and (123)
gives

82V

b+ 2ndp — Ao + ¢2q§—— — U + 400U = ¢3¢ + 20V , (125)

(07 +3(1+ )+ 3(c —w)n* — K(5+3w) — A] ¥ =0, (126)

in agreement with equation (75). Here,

w

$p —2V(do) o _ dpo 2 oV 1 <1+2L5°> , (127)

p—:.—N,CE—:l—f- —— = — = N
Po ¢+ 2V () dpo 3n¢o %o 3 n%o

The Hamiltonian of equation (121) is not unique, even for the scalar field ¢. It proves
convenient to invoke one more canonical transformation:

F3[7T7¢’ t] - _/W¢d3$+ @/QSQ [% at 1n<¢0/a)

d>x 128
A+3K+4¢0 VI (128)

The new momentum variable will be denoted 74, and should not be confused with the
variable of the same name appearing in equation (120) and preceding. Note also the
notation in which the spatial Laplace operator is treated like a number. Its meaning is
given only when a mode expansion is performed, where it is replaced by its eigenvalue.
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For example, with a Fourier integral in flat space, A = —k?. After the canonical transfor-
mation (128), the Hamiltonian in the field ¢ (which is unchanged by the transformation)
and its new momentum 7, has become free of ¢my cross-terms:

1 1+0 2 2 2
H[p, 74, 1] _5/ {( aQ\/(%)M) B al\fei (A —p2)| ds (129)

where we have defined

ezi QZﬂ—d')QJr[aln(qs/a)}aln(He) (130)
° T AA +3K) Mo T ggg T o T LG W @)

Note that 60, and ui depend on both time and wavenumber. The Newtonian gauge
gravitational potential is given by the solution of

~ domy  OlIn(do/a)ldod

4 A+ 3KV = — : 131
( ) a\/y (1+0,) (131)
The classical equation of motion for ¢ is given by
1 —f- 49¢ 8 (IQQZ.S 2
= (H% (A= )¢ (132

The scalar field evolves like a damped harmonic oscillator whose effective mass ui
and damping rate d; In[a*/(1 + 64)] depend on momentum through the k-dependence of
f,. For short wavelengths, |A + 3K| > ¢2/4, 6, — 0 and the field evolution reduces
to that of a scalar field on an unperturbed Robertson-Walker background. However,
for long wavelengths, |A + 3K| <« gb% /4, the evolution is significantly modified by the
self-gravity of the scalar field fluctuations. Neglecting the effect of metric perturbations
leads to an error in the field evolution and therefore in the calculation of inflationary
perturbations.

5.2.3 Alternative fields: Curvature and gravitational potential

Equations (121) and (129) use the scalar field perturbation ¢ as the fundamental field,
with two different choices of canonical momentum. It is always possible to make a
canonical transformation to different variables. There are two reasons for wanting to
make such a transformation. First, the Hamiltonian and the equations of motion can be
simplified — the new scalar field variable can have a different damping rate and effective
mass. Second, the scalar field perturbation ¢ is only indirectly related to the curvature
perturbations remaining after inflation. To avoid complicated dynamics, it would be
better to choose a field more closely related to the geometry.
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The ideal choice of field variable would be one that becomes constant when the
wavelength is much greater than the Hubble distance (i.e. the field is massless), inde-
pendently of the dynamics of the background expansion. When a single scalar field is the
only form of matter, or the perturbations are isentropic, such a variable is the curvature
perturbation x (Bertschinger 2005). In the scalar field case,

()50

We make a canonical transformation from (¢, 7) to (k,m,) as follows:

26 (n—n/m)m,
a  az/Yy(A+3K)’

am, a(n — 7']/7])/47T,.i
T = — + + 4
Aaz\/v K p; 2(A+3K) (134)

¢ =

where we have defined two functions of the background solution,

) 242 .
L P (135)
n 8n b0
The Hamiltonian for the new canonical variables is
1 1 9[{ 2 2 2
H[Fu,ﬂmt]:‘/ SRl (A —p2)| &z, (136)
2 22\/5 146,
where S
c
0, =— 2= _3K(1-¢ 1

and ¢® was defined in equation (127). Note that s, in general depends on time but not
wavenumber; 6, depends on both. The Newtonian gauge gravitational potential is given

by the solution of
Nk

4(A+3K)¥ = . 138
A+ 3K = (138)
The classical equation of motion for « is
14+0,0 [ 2%
£ — = (A — )k . 1
e () - @ - wn (139)

The Hamiltonian and equations of motion for (k, ) are similar to those for (¢, my),
with the important difference that 6, = pu, = 0 if K = 0. More generally, we can
approximate 0, = u, = 0 for all length scales much smaller than the curvature distance,
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|A| > |K|. In this case the curvature perturbation evolves as a massless scalar field and
therefore becomes constant for wavelengths much longer than the Hubble distance.

We have not succeeded in finding a canonical transformation that eliminates the mass
term in a curved Robertson-Walker universe. Finding such a transformation is equivalent
to reducing equation (139) to quadratures.

Long-wavelength curvature perturbations remain constant in a flat universe even
when the composition of the universe changes at reheating as well as through any stages
of adiabatic evolution (Bertschinger 2005). For matter with constant equation of state
parameter w = p/p (either a scalar field during power-law inflation or a fluid with no
entropy perturbation), the curvature perturbation is related to the Newtonian gauge

potential by
o+ 3w

m:m\p if |K]<|Al<n* and @ =0. (140)

During inflation and reheating, w # 0 and W changes with time even for long wavelengths

when K = 0 because there is an entropy perturbation associated with the scalar field

(Bertschinger 2005). However, x remains constant. After reheating, when w = %,

U = %I{. The curvature perturbation « is therefore the most convenient variable to use
for calculating inflationary perturbations.

Given the transformation from (¢, ) to (k,7,), it is straightforward to express x in

terms of ¢ and ¢

_a¢ doln—it/n) 9 (ad
Tz z(1+0,)(A+3K) ot (%) ' (141)

Equation (141) allows one to compute the curvature perturbation (which is constant for
long wavelengths) if one uses ¢ as the primary field variable.

One might guess that the Newtonian gauge gravitational potential ¥ also would be
a good field to choose. The canonical transformation from (x, ) to (¥, 7y) is given by
the type 1 generating functional

1 0
Filk, VU, t] = / {yzﬁ(A +3K)r¥ — §ﬁ(A + 3K)g§(yz)\112 dx (142)
z
where we have defined 4
a
y=—-—. (143)
bo
The generating gives the transformation via
oF oF dF'
ﬂﬁzé—;, 7'('\1;:—5—‘1/1, H[\Il,ﬂq,,t]:H[/i,ﬂmt]—l—d—;. (144)

Using this, the new Hamiltonian is

T

Hw et =5 [ e VA + 3KV - @l f e, ()
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where

z0 |10
Y = pin + ot [;a(yz)l : (146)
The classical equation of motion for V¥ is
10 .
SH = A (147)

In general, p2, # 0 implying that the gravitational potential changes with time for long
wavelengths. One exception is power-law inflation in a flat universe, for which p2, = 0.
However, reheating leads invariably to a change in W, so is is preferable to use the
curvature perturbation  to track the amplitude of inflationary perturbations.

Next we consider two other variables appearing in the literature, which simplify the
equation of motion (but not its solution) by eliminating the damping terms.

5.2.4 Transformation to Mukhanov’s variables

Mukhanov introduced a transformation to eliminate the damping in a flat universe,
reducing the problem to a harmonic oscillator with time-dependent mass in flat space-
time (Mukhanov, Feldman, & Brandenberger). We generalize his variable to a curved
Robertson-Walker background:

2k ad+ (1—4K/¢2)zT

= 2k = = 148
XE RS T, Vit o, .
The canonical transformation from (x,7,) to (x,my) is
k=X m = 2k — AN (149)
RK

resulting in the Hamiltonian

Hiomt = [ |7 = VTN @ - ) s, (150)

2 VY X
with .
=K 3K - (151)
K
The Hamiltonian reduces to that of a field in flat spacetime with time-dependent mass
fy- For a flat background, zx = 2z and ,ui = —Z/z depends on time but not wavenumber;
for a curved background it depends on both. The classical equation of motion for y is
= (A= 2)x . (152)

The damping term proportional to the first time derivative of the field has been elimi-
nated. The mass term implies that xy changes with time for wavelengths longer than the
Hubble length. However, the curvature perturbation k = y/zx does become constant
for long wavelengths as discussed in the previous subsection.
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5.2.5 Transformation to Garriga’s variables

On a curved Robertson-Walker background, the Hamiltonian takes a particularly simple
form in the variables (¢, p) given by Garriga et al. (Nucl. Phys. B 513, 343, 1998). The
scalar field variable is related very simply to the Newtonian gauge gravitational potential:

4a

g= 2w (153)
Po
The canonical transformation from (x, ) to (g, p) is?
Z p
Kk = —q-—
21 2 /YA +3K)
T = a/AA+3K)g (154)
resulting in the Hamiltonian
Higri = [{- g + VAl 30 - i Lo (55)
2 V(A +3K) ‘ ’

where
% 2\? : 1
p = 0, (;> - (—) —3K(1—c*) =n—n*—4K — ¢0} <¢—) : (156)
0
Garriga et al. have an overall sign error in the Lagrangian equivalent to equation (150);
Gratton and Turok corrected the error (Phys. Rev. D60, 123507, 1999; astro-ph/9902265).
The classical equation of motion for ¢ is

G=(A—pd)q. (157)

As was the case with Mukhanov’s variables, the damping terms have been eliminated.
Now, however, :“3 is independent of wavenumber in all cases. The presence of a mass
term implies that ¢ changes with time for wavelengths longer than the Hubble length.
The curvature perturbation K = —d;(q/z) does become constant for long wavelengths.

We have found five different choices for the field variable: ¢, x, ¥, y, and ¢. Any
one of these may be used for computing inflationary fluctuations. It remains to be seen
if they give identical results — this depends on the choice of the vacuum state.

6 Quantization

Canonical quantization proceeds by promoting the fields and their canonical momenta
to Heisenberg operators and Poisson brackets to commutators, for example

(A, B} — —i[A,B] . (158)

2This requires a Type 1 or Type 4 generating function.
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The fields and momenta obey the canonical commutation relations, illustrated here for
the pair (p, ¢),

[g(x, 1), q(y, )] = [p(x,1),p(y, 1)) = 0, [q(x,t),p(y,t)] = i0*(x —y) (159)

and
[WiT(x,6), v (v, 1)) = [mip(x,t), it (y, )] = 0,

(" (e, 6), miby (y, )] = i | PGP = S PaP| 8°(x — ) . (160)

The time evolution of these operators is given by
Q(Xv t) = _Z[qa H] ) p(X, t) = _7’[ 7H] ) .ET(Xat) = _Z[nga ] , ete. (161>
One complication compared with quantum field theory in flat spacetime is that the
Hamiltonian in a Robertson-Walker spacetime is in general time-dependent. This is only
a technical complication; we will solve equations (161) for the time evolution of the
operators.
We assume a flat background space, K = 0, with Cartesian coordinates.

6.1 Scalar Mode

We have a choice of Hamiltonians to quantize, having found a series of different canonical
variables for the Hamiltonian system. These may be regarded simply as different choices
of coordinates for the phase space of our Hamiltonian system and as such they all describe
identical dynamics. From the viewpoint of fluctuations, the natural choice of variables
is (k,m,) because k becomes constant for waves stretched beyond the Hubble length.
However, we will have to calculate fluctuations assuming a vacuum state. It is unclear
whether the vacuum is canonically invariant — we’ll have to check. If it is not, we would
get different inflationary fluctuations depending on the choice of variables, a clearly
unphysical situation. It seems likely the choice of vacuum matters, we should pick the
vacuum defined by (¢, ) or ¢, m,) — hopefully they are the same!

This section should be rewritten to consider the general case, however for now it’s
left in terms of the variables (g, p).

6.1.1 Scalar Mode using (g, p)

We expand the fields p and ¢ in Fourier space as follows:

q(x,t) = /% (2k3)~1/2 [eik'xa(k, t)+hel], (162a)

3 1/2
p(x,t) = / % (g) [e®*b(k,t) + h.c] . (162b)
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The operators a(k,t) and b(k,t) are Heisenberg operators obeying the evolution equa-
tions

a=—ila,H], b= —i[b,H] . (163)

We can not write a(k,t) = e *a(k,0) and b(k,t) = a(k,t) as in flat space, because
the background spacetime curvature modifies the evolution of modes. Calculating the
correct evolution requires the Hamiltonian. Substitution into equation (150) yields

& T
() = [ [Palien) + Mot + 1 o)
Ho = w?(aa’ +a'a) + b0 + 0’0, H_ =waa_ +bb_ , (164)

where w? = k% + p%(t), a = a(k,t), a_ = a(—k,t) and similarly for b and b_. It is easy to
see that in general one expects [Ho(ky,t), H_(ks,t)] # 0 and [H_(ky,t), H' (ko t)] # 0.
As a result, the eigenstates of Hy(k,t) (the usual Fock states) are not eigenstates of the
Hamiltonian. Moreover, eigenstates of the time-dependent Hamiltonian do not form a
convenient basis because, in general, [H (1), H (t2)] # 0.

These behaviors arise because the modes with wavevectors k and —k are coupled.
This is a generic feature of quantum field theory in curved spacetime.® The usual proce-
dure for dealing with this coupling is the Bogoliubov transformation. Equivalently, one
must find a canonical transformation that separates the Hamiltonian. Here we proceed
directly by solving the Heisenberg operator equations of motion, deriving the Bogoliubov
transformation (and hence the canonical transformation that separates the Hamiltonian)
as part of the solution.

Integrating the evolution equations (163) requires us to evaluate the equal-time com-
mutation relations for the time-dependent operators a, b, a' and bf. These can be found
using the fact that Hamiltonian evolution is unitary, with propagator

U(t, t()) _ Te_i‘['tto H(®t')dt — lim e e (t—€) g—icH (t=2¢)  —icH(to)

e—0

, (165)

where T denotes the time-ordered product. Given the operators at some initial time %,
a(k,t) = Ula(k,ty)U. Tt follows that the commutators themselves evolve by the same
unitary transformation.

In an inflationary universe the conformal time ¢ is large and negative at early times
(we take ¢ = 0 to be the end of inflation). At the beginning of inflation, the modes
of interest have wavelengths much shorter than the Hubble distance, i.e. (kt)? > 1,
implying p? < k% In this case w? ~ k? and the mode evolution reduces to the limit of
Minkowski spacetime. Thus at any sufficiently early time ¢, we may write

a(k, to) = ag(k)e*° bk, ty) = —ika(k,ty) , (166)

3A real classical field theory has half as many modes because a(k,t) = a*(—k,t). A quantum field
has a(k,t) # af(—k,t). The evolution of the two distinct modes k and —k is coupled by the H_ terms
in the Hamiltonian.
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where ag obeys the usual commutation relations following from equations (159). These
commutators are invariant under unitary transformations, yielding

la(ky, t), a(ks, )] = [a(ky, 1), b(ke, t)] = [b(ky, ), b(ks,t)] =0
la(ks, 1), at (s, )] = = E[alks, £), 0 (ka, £)] = F[b(k1, £), b1 (Ko, 1)] = 3%k — ko) . (167)

Equations (163), (164) and (167) now give

1 iw?
. Ty _ T
a = 2(b+b_) o% (a+al),

w2

b = ——(a+adl)

. k(b+bi) . (168)

l
2

The exact solution to these equations subject to the initial conditions (166) is

1 T, 1/, @, ,
ak,t) = 5 (u + Eu) ao(k) + 5 (u + 7 U ) al(=k), b= —ika (169)

where u(k, t) is the solution to the ordinary differential equation

i = —wu (170)
subject to initial condition u — e~
Wronskian

as kt — —oo. The solution is normalized by the

wi” — aut = 21k . (171)

Equation (169) gives the desired Bogoliubov transformation. Equation (162b) may now
be replaced by

p(x, 1) :/% (%3)1/2 [—ie™*a(k,t) +h.c.] . (172)

In de Sitter space, u?> = 0 and v = e~***. In this case there is no mixing of modes.
Given the exact solution for a(k,t), we may rewrite the quantum fields in terms of
the Schrodinger operators as follows:

wag(k) + u*al(—k)
2k3

q(x,t) = /(Zilr)ﬁ’ﬂ e**q(k,t), qk,t)= , (173a)

p(x,t) = / (2‘5)’;2 e p(k, 1) | p<k,t)z\/g[uao(k)m*ag(—k)] . (173D)

We see that q(k) = ¢'(—k) and p(k) = p'(—k). These conditions are guaranteed by
the requirement that ¢(x,t) and p(x,t) be Hermitian and they are analogous to the
conditions on the Fourier transform of a real classical field. However, in the quantum
case ag(k) and a(—k) are distinct operators (in particular, they do not commute).
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6.1.2 Inflationary power spectrum

We assume that the universe begins inflation in the Bunch-Davies vacuum, corresponding
to the Minkowski vacuum for modes whose wavelength is much smaller than the Hubble
distance, so that

aop(k)[0) =0, (0]ag(ky)af(ks)[0) = 6 (ki — ko) . (174)

Using equations (173), we obtain the two-point function of the g-field:

dsl{i u(k:,tl)u*(k:,tg) ik (x1 —x
Olatr, )l t)0) = [ G BB 7
giving an equal-time power spectrum P, (k,t) = |u|*/(2k*). The factor uju} reduces

to e®(2=1) in Minkowski and de Sitter spacetimes as expected based on microcausality.

Interestingly, equation (175) is unaffected by the mixing of modes: the same result would
have followed if a(k,t) = u(k,t)ao(k) in equation (162).

The power spectrum of the gravitational potential & = q.ﬁoq/ 4da is Pp = ((bo /4a)*P,,
and the power per logarithmic wavenumber interval is

2
=4G*(po + po)lul® , @ =

u

52— do? _ k3 Pp (k. t) _
T dnk 272

47TGQZ.5()

a

u(k,t),  (176)

where we have used (¢g/a)?> = po + po and have restored the units of G. Note that
® is the quantity that directly induces the scalar microwave background and matter
perturbations in the later universe. The variable 4 gives the time-dependence of the
gravitational potential; it obeys equation (126).

Equation (176) appears initially to differ significantly from the canonical result 5 ~
H?/$y (where here the dot is a proper time derivative). If |u| ~ 1, the perturbation
amplitude for the physical (conformal Newtonian gauge) gravitational potential is smaller
than H? /¢, by a factor approximately (py + po)/po = 1 + w. Since this factor is small
during inflation, the correct amplitude of density perturbations is much smaller during
inflation than is usually assumed. However, we must be careful here! The gravitational
potential @ is not constant even for (kt)? < 1. In this long-wavelength limit the solution
to equation (126) is t

U o< % (14 w)a®dt . (177)
The solution is independent of time only for w = constant. During inflation, 1+w slowly
increases, and during reheating it increases rapidly to %. This will cause @ to increase.
Roughly speaking, we may expect @ to increase by a factor (1 + w;)~! between the time
a mode first crosses the Hubble length (when w = w;) and the end of reheating. This
will boost the CMB anisotropy up to the result of the standard calculation!
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Specifically, we want to find A(k,t) as kt — 0, where

%o an " Pia?
—u(k,t) = Ak, t)—
4@“’( Y ) ( ) )40/2 to 6772

dt | (178)

The amplitude A(k,0) is just the value of u after reheating. During the radiation-
dominated era @ does not evolve for (kt)? < 1, so A(k,0) is precisely the input to CMB
anisotropy and structure formation models. The power spectrum is related to A by
62 = |A/2x ]2

We now integrate the scalar field and perturbation equations numerically to find
A(k). Using the time variable £ = Ina, the background scalar field equation of motion

becomes ,
d% ¢y doo 1dinV  1dgpg
12— — = - =0. 179
e (d£> (2 T (179)
The equation of state is
L (dgo)”
1 =—|— . 1
+w 6 ( T ) (180)

For an exponential potential, d1n V/d¢, is constant and equation (179) can be integrated
exactly. If (dgy/d€)? < 12 the solutions are stable and approach the attractor deg/dé =
—2d1InV/dgqy corresponding to power-law inflation. For a power-law potential, V' o< ¢,
the equation of motion depends only on n and not on the mass scale. Provided that the
initial slope |dgo/d€| is not too large in magnitude, slow-roll inflation will result during
which dg/d€é ~ —2n/¢py. The number of e-foldings is approximately ¢? /4n where ¢; is
the starting value. Getting 60 e-foldings requires ¢; > 31/n/2 Mp where Mp = G~1/2 is
the Planck mass.

The perturbation amplitude follows from A = wu/B where the following equations
need to be solved (given here for reference):

B d2¢o/d§2> 3 {12 - (d¢0/d§)2} 2 dgy
" (” doo/de )7 T2 [T Ve ra

L (dgo\*| du | (K> +p*\
17(7&)]?&( 7)o,
1 (dgy 2_(g>2<d2v dV/dgbo)_ (9)4<dwd¢0)2
o 6+4<d5) n) \agg " Pagerac )~ \n) \dgosae

(%) 12— <;z$o/d5>2 |

d*u

(181)

The mode function « must be integrated until k? < n? by which time A = u/B should
become independent of time.
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The rest of this section isn’t so useful now — we need to just integrate the Friedmann
and scalar field equations, then integrate equation (177) with 14w = ¢2/(61%).

It is straightforward to numerically integrate the Friedmann and background scalar
field equations and equation (170) to get a(k,t). A simple exact solution exists for a flat
universe when py/po = w is a constant (power-law inflation):

o) = t/10)” . ot) = \| W voggai), v=2 )

Here, t; is a constant. The corresponding potential for v < 1 is

2v—1
V(do) = y(87TI/Gt(2) )eqsm/lﬁwc(uﬂ)/y ‘ (183)

Inflation requires —1 < w < —% so that v < —1, and ty < 0. The conformal time ¢ is
negative and increases towards zero as a — 0o. The scalar mode function is

T
2

u(k,t) = kth? (kt) , BD(z) = < )1/2 [Jis1/2(2) = 1Yo q1)0(2)] (184)

v

Here h'? is the spherical Bessel function of the third kind (i.e., a spherical Hankel
function). It has the limiting behavior (for v < —3)

texp[+im(v+1/2)] T'(1/2—v) v
W (z) ~ 4 Ay tam (/27 as w0, (185)
v %exp—i[:v—(u—l—l)g} as T — o0 .
The power per logarithmic wavenumber interval is (restoring all the units)
KPs(k) [ 20(1/2—v) 17 hGu(v + 1) | kto|** Y

22 | (v + 1)(3/2) 4rcdtl 2
[ 2r(/2—v) 1P (v +1\ hGH? |kt|TY (156)
v+ 1)T(3/2) 4mv |2

Note that ® has become independent of time for (kt)*> < 1. For a single scalar field,
14+ v <0 so the scalar index ny =14+ 2(r+ 1) < 1.

6.1.3 Quantum to Classical Transition

We can use our exact solution for the Heisenberg operator evolution to investigate the
transition from quantum perturbations to classical random fields. The description is
simplest in the Schrodinger picture, where the state vector is denoted |¥(t)). According
to the standard rules of quantum mechanics, measurement of any observable O leads to
the collapse of the wavefunction to an eigenstate of O with eigenvalue O drawn from the
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probability distribution [(O]¥(¢)}|?. We do not attempt here to describe how the wave
function collapses. Instead, we show that unitary evolution leads to the perturbations
evolving classically when they are stretched far beyond the Hubble distance. We then
solve the Schrodinger equation and present the probability density functional of ¢(x,t) as
a path integral. Finally, we investigate the phenomenon of squeezing using the Wigner
function.

Using equation (175), we obtain the exact time structure function

0[®(x, £1) — B(x, £2)]]0) = / (%3 ’ﬁ(k’tl);];(k’t?)‘ | (187)

In the limit of small scales, (kt)? > 1, the power spectrum of ®(x,t) — ®(x,ts) equals
2[1 — cos k(ta — t1)] Pp and the field fluctuates with time. However, on large scales u(k, t)
evolves much more slowly. In particular, if the equation of state is constant, u(k,t)
is independent of time for (kt)> < 1 and the long-wavelength gravitational potential
perturbations become frozen in. If the equation of state changes, the structure function
changes exactly according to the classical evolution of ®(k,t). In other words, the field
values for a given k at successive times are very highly correlated and the field evolves
classically. Quantum fluctuations generated on scales comparable to or smaller than the
Hubble distance become frozen and evolve classically when (kt)* < 1.

The next question is, what classical values do the long-wavelength components of the
field take? This question can be answered by solving the Schrodinger equation for the
time-dependent wavefunction. Defining the Schrodinger state vector at time ¢ by

¥ (t)) = U0) (183)
where U is the time evolution operator, equation (174) implies
Uao(K)UT|¥(t)) =0 V k. (189)

Now, a(k,t) = Ulag(k)U, and from equation (169) (suppressing the arguments where
there is no ambiguity)

1 1 1 ?
_ T x Yk - * R T
agp = UaU 5 (u p ) a-3 (u + U > a' | (190)
yielding
1 ' 1 ]

This last result is easily confirmed using ag = Ut (UacUT)U.
We define the following Schrodinger operators:

009 = —— [l + 0] |
po(k) = %[—iao(k)ﬂag(k)} . (192)
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Their commutator is

[qo(k1), po(ka)] = Z‘53(k1 —ky) , (193)
implying that in the coordinate representation we may write
Po = —2'63(0)i : (194)
dqo

The Dirac delta function is necessary because of our continuum representation of the
fields; with quantization in a periodic cube of length L, §°(0) — (L/27)3. Tt arises
because we are considering only the two modes k and —k. When we compute correlators
below, the delta functions will disappear.

We now apply equation (189) to the pair of modes (k, —k) with ¢ = qo(k), 2 =
¢o(—k). The Schrodinger wavefunction W(qi, ¢2,t) = (g1, q2|¥(¢)) is annihilated by the
pair of operators

(R EA A | Oay
U(ay + a2)U w \/g(ch )t V2k3 <8q1 " 86]2) 7

2 w0 (9 9
_ L DNy _ _ N2
U(al a2>U u 9 (QI Q2) \/ﬁ (aql 8QQ) . (195>

At a sufficiently early time t, when (ktg)? > 1, the system is in the Bunch-Davies
vacuum, |¥(p)) = |0). Solving the time evolution given by equation (189) yields

E3(1 + 6?) 9 9 k3 (1 — 6?)
Y ty=N _ _— 1
(q17q27 ) exp |: 49(53(0) (ql Q2) + 2953(0) q142 ) ( 96)
where N is a normalization constant and
iu* 1 1 i 1dln |ul
=——, 0,=-0+0)=—, 0;,==(0"—0)=—— 197
e 20+ = 2 =0 == (197)
The probability density is
{45 — 20012) [ul(1 + 160]7)6°(0) 1— [0
T2 = N? _(Q1 2 2 — = 1
¥l P 202(1—p2) | ° Ve =T (199

from which we see N=2 = 2wo2,/1 — p2.

Here define ¢+ and diagonalize the wave function, then discuss expectation values of
products of ¢q. Write down the path integral form.

We can use equation (198) to check equation (175) for x; = xo =0 and ¢, =ty =t
using the Schrodinger representation:

OO 0)a(0. )| ¥(0) = [ G5 [ SR Omtmle)vw) . (199
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Taking the expectation value using equation (198) gives
(U(1)lg0(k1)go(ka) [ W (t)) = 0} (k1)8° (ki — ko) + poi(k1)d° (ki + k) (200)

e ul?(1 +16P)
9\ U +

Although |0|? can be much larger than 1, the net spectral density is |u|?/(2k%) because
of partial cancellation of the two terms in equation (200). When [0|> > 1, p — —1 and
qo(—k) =~ —qo(k) as we will see below.

The parameter 6 determines the correlations between the modes k and —k, i.e. the
squeezing. For (kt)? > 1, 0 = 1, p = 0 and there is no squeezing. When modes are
stretched far beyond the Hubble length, k&t — 07, § — —ioco and p — —1.

6.1.4 Wigner Function

The Wigner function is a generalization of the Schrodinger probability distribution to
include momentum — it gives a probability distribution on phase space. It is defined by

d*r
(2m)?

Here q, p, and r are two-vectors with components ¢; = ¢o(k), g2 = go(—k) and so on.
Carrying out the integral gives

Wiapt) = [

e P U (q — 31, 1) ¥(q + i1, 1) . (202)

1 _ _ _ _

0i

- i (204)

1 _
MZUZ( p) . P=0pg1 —2q2,p32 —2¢q1) , B

The Wigner function can be simplified with by applying two unitary transformations.
First, we take the following linear combinations of mode variables,

+ +
G = Q1\/§(J2 e = p1\/§p2 7 (205)
yielding
2
4y 2 2
= _ = ——  +40°(1 % +2 — . 2
=88, Se= gt (1% p)lps + B2~ o] (206)
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Next, we reduce the variables to four independent standard normal deviates (&1, n+)?:

q+ et mevAs
o2(1 % p) Vit
/A1 dp) = ——ot T (207)

VArd+Ay) I+

We introduced the auxiliary variables A defined by

1 1 (£2 — p) 6;
Ap =14 =22 4~y /4 + 72 =<2 7 2
c=1+g7n a4+t = e (208)

The Wigner function is now fully decoupled: S = &2 +&2 4+ 7% +n2. All the correlations
of field values ¢+ and momenta py for the modes k and —k are encoded in equations
(207).

At early times, (kt)> > 1, p = 3 = v+ = 0 so that ¢./o and 20p. are independent
standard normal deviates. The harmonic oscillator ground state corresponds for all
modes to a minimum uncertainty wavepacket, 0,0, = %

At late times, kt — 07, 1 + p — 07 and the Bunch-Davies vacuum is strongly
squeezed. There are two effects apparent in equations (207). The factors of /1 £ p on
the left hand side stretch or shrink the distributions of (¢, p+) as p — —1. In addition,
the field and momentum variables become strongly correlated when A — 0 or A — oc.

To see these effects, consider first the + mode with phase space variables (q.,p.).
For this mode, in the limit p — —1,

ul5*(0)

2 —
o (1+p) = 573

(209)

The field value and its momentum are strongly correlated for this mode: as v, =~
(360;)/(46,) — —c0,
A — 32— 0. (210)

In this limit the &, variates dominate g, and p,, leading to a strong correlation:

q+ _2y/o*(1+p)

Va2l +p) |7+

For the other mode, the standard deviation of the field is larger by a factor |0]:

P~ (211)

_ [6P%[u?6%(0)

2

(212)

“Note, (&4,m+) are all real numbers
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For this mode, v ~ —63/(46,.) — +o00 and
A =92 =00 (213)

Again the field value and its momentum are strongly correlated, now with an opposite
sign:
2
L ~ Wel=p) (214)
o2(1—p) -]

From (¢}) < (¢2), it follows that |¢1 +¢2| < |q1 — 2| hence g2 = —q1 or go(—k) = —qo(k)
as anticipated after equation (200).

Explain, based on the momenta and squeezing, why the field behaves classically as
found in equation (187).

Then: given a mode expansion for one set of canonical variables, are the ag(k) the
same for all sets of canonical variables? Is the vacuum definite?

Then: what if have not a pure vacuum, but a thermal density matrix?

Todo: Show a figure of the Wigner function for the plus and minus modes. discuss
how quantum fields may now be treated as random variables.

Todo: Check that the expectation values are canonical invariants, i.e. that one gets
the same inflationary perturbations using &, ¢, or y. After eq. (127) do scalar field in
unperturbed RW to show error. Fourier expansion p. 21. Restore k = 87G.

6.2 Tensor Mode

This section must be redone to get the correct time evolution by solving the operator
equations of motion as done for the scalar
The tensor mode fields are expanded as follows:

Sxt) = Z/ o) 3/2 —1/2 [ g_(k,t)eq,i;(k)a, (k) +h.c.] ,(215a)
min(x,t) = Z/ o) 3/2 —1/2 [ u_(k,t)e,,ij(k)as (k) + h.c.] ,(215b)

where uy = ad(a"'g4)/0t and the sum is over the two gravitational wave polarizations or
helicity states. We assume that the Fock states for each mode (o, k) provide a complete
basis for Hilbert space. The polarization basis tensors obey the relations

¢s (k) = e0ij(=K) | o i (K)ELT(K) = 0oy, D Coa(k)es? (k) = PGP — bl

0,1 o2

o

(216)
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The creation and annihilation operators obey the commutation relations

[a’dl <k1)> Qo (kZ)] =0 ) [a:rrl (k1)7 a:rm (k2)] =0 ) [acrl (k1>7 a’i’g (kQ)] = 501025?)(1{1 - k2) :
(217)
These plus the Wronskian g,g_ — g+ g = 2ik ensure that ¢£T and Wf[?T obey the correct
commutation relations. Moreover, the time evolution of g+ (k,t) and uy(k,t) = g+ —ng+
ensure the correct evolution of the fields in the Heisenberg representation.
Equations (215) differ from the mode expansion in flat spacetime because of the
background spacetime curvature. This leads to a striking difference in the Hamiltonian
when expressed as a sum over modes:

Hrr = i 2 / d_;{(ui + k9% )as(K)aq (k) + (u} + kg3 )al (K)al (—k)

Fumuy + K -gy) [ap(K)al (k) + a} (K)a, ()] } . (218)

In flat spacetime, or in Robertson-Walker spacetime with k% — oo, g4+ — exp(dikt) and
U4 — ¢+, so that only the terms multiplied by u_u, + k?g_g, = 2k? remain in the sum
over modes. The result is the usual energy (N + %)hw per mode, with w = k.

[Try Bogoliubov transformation to diagonalize Hrpr:

a,(k) = uy(k)bs (k) + v, (k)bL (k) ,
ab(k) = uz(k)o)(k) +v;(k)bs (k) , (219)

g

where b, (k) and b (k) obey the same commutation relations as a, (k) and af (k).]

The vacuum state is defined so that a,(k)|0) = 0 for any (o, k) and is normalized so
that (0|0) = 0, implying (0|as, (ki)al, (k2)|0) = 04,0,6%(k; — ko). This gives equal-time
correlator

ij Y] 1 ij ik-(x—
Ol T 3010 = | PP = ] [ e |

k,t)g-(k,t)
4ka? }
(220)
The term in square brackets in the integrand is the power spectrum Prr(k,t).° For
power-law inflation with A < —% and a = |t/to|*, (after restoring the correct units with
a factor 16w @) it becomes

3 N\ [B3/2=01 |t
Prr(k,t) = G 2 g 221
For w = —1, A — —1 and we obtain the expected scale-invariant spectrum 47k?Prp =

(47)2GH? where H is the Hubble constant during inflation.
Introduction: Almost the entire difficulty of Hamiltonian gravity lies in finding the
correct Hamiltonian, or equivalently, eliminating the constrained degrees of freedom.

>The power spectrum is normalized so that the total power is [ Prr d®k and not [ Prr d3k/(27)3.
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7 Appendix: Mode Expansion in Open Robertson-
Walker Spaces

7.1 Classical solutions

We consider an arbitrary Robertson-Walker background and we expand the spatial de-
pendence in eigenfunctions of the (Laplace-Beltrami) operator V?:

(x,t) = a” fe(k, DQ(x k), sii(x,1) = a” teyyga(k, 1) Qi (% k) - (222)

Here k are a set of eigenvalues labeling the appropriate scalar or tensor spherical har-
monics (e.g. k,[,m in spherical coordinates) and ¢;; is a polarization tensor. The scalar
and tensor eigenfunctions obey®

VQ = (K + K)Q, V*Qiy=(—k +3K)Qi; . (223)
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