1. Lecture 7:

e In our last lecture, we learned that the Witten index of the theory defined by
1
L= /dede* (—igu(q))'DCI)I'DT@J> (1.1)

is equal to the Euler characteristic of the target space manifold M (where, recall that
Pt = M), ie
X(M) = (—=1)Pdim(H?) = Iy . (1.2)

p

e We then learned about Berry’s phase and showed that
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e For the case of a spin in a magnetic field, H = B- a, you showed on the homework that

This is the field for a magnetic monopole.

e We then moved on to N/ = (2,2) SUSY, which will teach us more about Berry’s phase /
background fields and will connect to the higher dimensional theories we will study more

directly.
e The relevant algebra is (again neglecting central terms, as we did in the N' = 2 case)

{Qau Qﬂ} = {Qaa Qﬁ} =0, {QOU Qﬂ} = _2H€045 : (15)

where «, 8 = 4 are fundamental labels of an SU(2) group called SU(2)g (i.e., Q and Q

transform separately as doublets—or 2’s—of SU(2)r) We also have
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Here €,5 and €’ are SU(2)g-invariant tensors that are used to raise and lower spin 1/2

indices (Exercise: prove these tensors are invariant).

e The automorphism group is now SU(2)g x U(1)g instead of U(1)g as before. The quantum

numbers of the objects appearing above are

H ~ 0o ) Qa ~ 2 ) Qa ~ 2+1 ) (17)

where the bold letters are the SU(2)g representations (or dimensions) and the subscripts

are the U(1)g charges.... The corresponding Grassmann coordinates are (e.g., see [1])

0o, 0“=(0.)". (1.8)
We have
0, = eab»@ﬁ ,  0” :e“% ,
ga = Egaéﬁ 3 50‘ = E’Baég . (19)

As you showed on the HW, these coordinates satisfy

1 - 1 -
9a95 = §6a592 5 eoﬁg = §Ea592 s

1 _ 1 .-
0°0° = ——eP9? | 0°0° = ——eP0? | (1.10)
2 2
where we define

02 =0, = €040, , 0°=0,0"=e"0s0,, 00=0,0"=0, . (1.11)

In particular, we are using the SU(2)g-invariant €*? tensor to raise indices and the SU(2)p-
invariant (inverse) e,s tensor to lower indices (but we should be careful when we use this

tensor since we use it and its transpose to act spinors and their conjugates respectively)...

o We define
(nas)* = 701, (1.12)

and so Exercise: Prove that (1.12) implies

Opa = —0p, , 0y, = —0Oga . (1.13)

Also check that
60"8893 = —0p, , Eﬁaag,e = —0g, » (1.14)



and
(0%0")p = 0° oy € 6055 = 0"€qp + e 0, , (005)" = e‘wewa“(; = 0" | Tr(o%") = 20 .

(1.15)

e The resulting SUSY covariant derivatives are (these are consistent with (1.13)) and (1.14]))

Da = agcx - iéaat 5 Z_)a = 3ga - i@aat 5
Qo = Opa +i0,0; ,  Qn = Ogo + 0,0 . (1.16)

They satisfy the algebra
{Do.Ds} = 2ieapd; , {Qa, Qp} = —2i€ap0; , (1.17)

with all other anti-commutators vanishing, i.e., {Da,Ds} = {D,,Ds} = {Da, s} =
{,Daa Qﬁ} = {,Dou Qﬁ} = {Da’ Qﬂ} - {QOU Qﬂ} - {Qa’ Qﬂ} = 0.

Exercise: Prove (1.17)).

e To understand the Dirac monopole Berry’s phase in the context of N = 2(2,2) SUSY, we
should introduce gauge multiplets: the SUSY completion of gauge fields. Let’s consider a

U(1) gauged quantum mechanics with some number of chiral multiplet matter fields.

e There are three important representations we will need. The first is the chiral multiplet
(which is the generalization of the chiral multiplet we studied in the N' =2 QM case),
which is a function of y =t — i#%0, (note that D,y = D0 = 0)...

O = @(y) + V20%a(y) + 0>°F(y)

— ¢ —i0°0,8 + 3929%” V200 — 020, + 62F | (1.18)

V2

It clearly satisfies D,® = 0. Using the Liebnitz rule, we see that D,(®;®,) = 0 if the ®;
are chiral. Similarly, D,(®; + ®;) = 0. Therefore, the primaries again form an object called
the “chiral ring.” They satisfy [Q,,¢] = 0. Note that we can also prove that the ®; form a
ring by multiplying ®; and ®, together and using the 6 expansion:

10y = (G1(y) + V20"U1a(y) + O Fi(y))(d2(y) + V20"tha(y) + 0° Fa(y))
= P12 + V20° (d1th2 + dat1) + 07 (1 + oy — Yiafn) (1.19)

e We also have the anti-chiral field (which is a function of 3§ = t + 66, such that
D,y = D0 = 0)

¢ = 9(y) — V20.1°(y) — °F(p)
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_ I _ o o
= 0+ 00 + 16700 — V200 + %Q%W _G*F . (1.20)

Note that
D®0%;DP® = D%, D°® =0, (1.21)

This fact will be crucial when discussing “field strength” superfields (although note that

the vector itself is non-propagating).
e The second important multiplet is the (abelian) vector multiplet
_ _ L 1 .-
V = —00A — 000z, + 0> - OX — i0°O\ + 10292D : (1.22)

where, as we will see in more detail later, supersymmetric gauge transformations allow us

to remove the lower-order terms.... This is because under gauge transformations

V—>V—|—%(A—A), (1.23)

where A is a chiral superfield. The remaining fields besides the gauge fields are singlets:
they transform in the adjoint of U(1)...

e Finally, we can use the vector to build a (real) linear multiplet (a generalization of the
real multiplet we studied in the N'=2 QM case)... In higher dimensions, it will include
the gauge field strength...

1= - _ _ _ 1-
3¢ = EDaagBDBV = —2% + 00"\ + i00°\ — 050D + €, 0002’ + 502 -0 N
1 I
— 0% 00"\ + =0°0*2" | (1.24)
2 4
where this multiplet satisfies (note that o®)\ = Q_Q(f“aﬁ;\’ﬁ and 00\ = 0% X;)
D*Y = D?Y* =0 . (1.25)
The second equality is trivial, and the first follows from the SUSY algebra...

e Finally, note that (1.21)) implies that %% is invariant under the gauge transformation
described in ([1.23)) (this is what we expect since the adjoint representation of U(1) is the
singlet)...

Exercise: Check that (1.22]), (1.24)), and (1.20]) form representations of the SUSY algebra
in ((1.17). Also, prove (|1.25)) and (|1.21)).



e We now want to construct SUSY-invariant interactions... As in the N'= 2 case, we can

compute SUSY variations as follows
SX = [N°Qa + 71" Qa, X] = 1" (Do + 10a0;) X + 7™ (Ogax + 10.0;) X (1.26)

for any superfield, y. Note that the highest possible component in any superfield is 626
We can only get such terms from the 0, parts of the supercharges.... Therefore, the top
component will transform as a total derivative under SUSY.... So (note, d*0 = d§*df* =
d0*d0,d0sdo%)

/ d*oy , (1.27)

is SUSY invariant.

e As a result, we have the following SUSY invariant Lagrangian (note, d*6 = d#*df* =
d@adﬁadéddé‘j‘) for the abelian vector multiplet kinetic terms

1 1 1 31 < 3 3
Lvec - d462a2a Y I /) la ./ _)\)\/ . _)\/)\ _D2
342 392< Zxxa—i-x xa+2 5 —1—2 )
1 (1, , <, 1.
= (53:’ x4 i + §D ) : (1.28)

where g2 is, in non-relativistic quantum mechanics, a mass term moving in the ¢ direction,
but, in accordance with conventions we will see in higher dimensions, can also be thought

of as a gauge coupling. Note that we can also add
Lrr = / do"doy, = —(D . (1.29)
This is gauge and SUSY invariant... It is called an “FI” term...

e We have the following SUSY-invariant chiral multiplet kinetic terms (with couplings to

the vector multiplet)
Leniral = —/dQQdQQi’@QqV(I) = |Dt¢|2 + %@Z)Dt@/; - %Dt@/”»z + |F|2 - q2$a$a|¢|2
+ qrabo" — V2qioMs — V2qiod — SDIo . (1.30)
where

Dip = (0 —iqho)p , Didp= (0, +iqAo)o ,
Dﬂ/}a = (at - Z.qAO)wa ; th/_)a = (at + iqAO)&a ) (1'31)



Note that the terms linear in Ay couple to a current for the U(1)r symmetry under which
d — Pe it | (1.32)

for constant A € R.... The gauge field, Ay, is around to maintain gauge invariance when we

promote A to a function of t... In fact, can promote A to a chiral superfield and allow for
supergauge transformations by requiring (|1.23))...

e We are now ready to discuss Berry’s phase in SQM.

e As you proved in your homework the curvature of the Berry connection we get from a

spin-1/2 particle in a magnetic field with

H=B.G, (1.33)
has curvature .
-~ - - B

V=Vx 55 (1.34)

where this is computed in the | 1) state.

e In the context of SUSY QM, the Berry connection is a gauge connection over the space of
parameters. As we will see, these can be thought of as background fields living in different
supermultiplets: these are fields whose values have fixed and are not fluctuating (we will
sometimes refer to these parameters / fields as spurions since we will often allow them to
transform under corresponding broken (or “spurious”) symmetries in order to get selection

rules).

e Let us now focus on the case of a single free chiral multiplet, ®. We will turn off gauge
interactions. The reason we do this is intuitively clear: in ((1.33)) B is a background field (it
is a set of classical parameters that an experimenter can tune—it is not quantum mechanical

on its own, unlike the spin-1/2 matter).

e To understand this statement, let us note that the only terms we can turn on and still
have a free theory are mass terms. None-the-less, we will see that certain mass terms act

as “background” gauge fields!

e But our goal is to make contact with the spin half example in the intro... We needed
three parameters there (three magnetic field components)... In the case of a free chiral,

we also have a real (as opposed to holomorphic—see below for what this latter mass term



looks like) mass.... It is a triplet of SU(2)g, so it has 3 components... Also, it enters the

Lagrangian like a vector multiplet...

e Indeed, we can think of a real mass parameter living in a background linear multiplet as
in (1.24) that weakly gauges a U(1)r flavor symmetry... In particular, consider a triplet of
mass parameters, m® (setting them non-zero breaks SU(2)g x U(1)g — U(1)’, x U(1)g, but

we can imagine allowing them to transform in order to get selection rules). We have
Lo == [ 03700 |6 i = mitmafof + i (1.35)

where m® plays the role of the x* SU(2)g triplet (note that we have solved the EOM of F'
and set F' =0)... Compare to (1.30)). Essentially, we have fixed * = m® and set the other
fields in the multiplet to zero.

e Performing the usual transformation back to the Hamiltonian formulation gives us

H = 72 4+ mmalo[? + oo, (1.36)

where
7] =i, 7=—idy, {Wa,V’}=0". (1.37)
The Fermionic operators can be arranged in creation and annihilation operators and yield

the space

0) , ©4[0) . ¥]0), Py |0) (1.38)

where
¥4]0) =0 . (1.39)

On the space {|0),v,9_[0)}, Hy, = ¢¥m?,1) vanishes (Exercise: check this). However, on
the {1_|0),%,|0)} subspace we have

Hybal0) = m*,£40510) . (1.40)

e This is just the Hamiltonian we encountered for a spin in a magnetic field on the HW.

Therefore, we have that (depending on the state in question)

—

m

V=t
2m3

(1.41)

This also dovetails nicely with our discussion of fermion bilinears as corresponding to spin

half particles in a magnetic field from the beginning of the course.... If you'd like to see
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more details on the above, have a look at the original paper [2] (although some of the

conventions are different).

e Before continuing to QFT, there is one more thing I'd like to cover. Since we have chiral
superfields, much as in the N’ = 2 case, we can consider holomorphic and anti-holomorphic
SUSY invaraints

/d20W(<1>) +h.c. . (1.42)

From definition of superfield variation
OX = 1%Qa + 7%Qu, X] = n* (ﬁga + iéa@t) X + 7% (Ogax + 10,0;) X (1.43)

and the expansion in (1.20]), we see that [n°Q, F] = 0. Moreover, [7%Qq, F] ~ 7%/’ This

is called the superpotential (note that it is holomorphic).

e Therefore, we can also consider holomorphic mass terms.
W = pud?* | (1.44)

we can think of it as constituting a background chiral multiplet (a chiral multiplet with

some fixed field value).

e The general Lagrangian then looks like

L = —/d49Q0T6_290a9ma§0+/d29ﬂg02—/dQQ[LQDQ
= &' + i — m?|o] + miPoapt — A|uf|g + pp® — ™ (1.45)

where m = v/m%m,,.

e On the homework, you will analyze the case m =0, u # 0. We have already analyzed
iw=0, m#0. Also, you will study the case m,u # 0. Somewhat surprisingly, this latter
case turns out not to have a SUSY vacuum! You will show this explicitly by constructing
the Hamiltonian and checking there are no SUSY groundstates (you should do this by
looking at the groundstates of the bosonic and fermionic Hamiltonians and summing up

the resulting energies).

e However, there is a more conceptual proof: thinking of u and m® as comprising background

fields yields a term in the bosonic potential of the form
V D dm*ul* >0, (1.46)
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where the factor of four is due to the charge of u needed to make p®? invariant under
the corresponding U(1) (here we say that p is a spurion for the symmetry under which
® rotates by a phase). We will see that this statement is related to a discussion we will
have in higher dimensions once we understand the Higgs mechanism: it will be related to a
statement about the absence of certain types of “mixed branch” vacua. We will get to this

soon—after discussing the (SUSY) Higgs mechanism.

e We have been working in 041 dimensions so far. Now, let’s move up to 2+1 dimensions (I
will just call it 3D... we will occasionally go between Lorentzian and Fuclidean signatures...
Have SO(2,1) and SO(3)... Anti-symm matrices in SO(3) case X7X = 1 and expand
X = e“Te. In Lorentzian case, get factor of 7" instead in the definition). Note that

momentum must appear because Lorentz transformations relate H to P.

e For the rest of the module we will mostly be concerned with the 3D N = 2 algebra

{Qa, Qs} = 2055P0 s Yhs =" =123, (1.47)

Comment: This algebra looks quite similar to the NV = (2,2) SQM algebra, and we

will see why, but note there are also a few differences: here «, are spacetime spinor
indices (as opposed to internal R-symmetry indices; note that in both cases, the symmetries
in question do not commute with the supercharges)... Also, there is no longer just the
Hamiltonian sitting on the RHS of . Instead, special relativity in 3D forces us to
include momentum generators in the spatial directions as well. Also, note that the gamma

matrices are symmetric, i.e., we have spin 1 or vector generators.

e There is now a U(1)r automorphism (SU(2)g is no longer present, it is replaced by a
spacetime symmetry)... We will come back again and again to the important role played by

U(1)g in the coming lectures.

e An aside on spinors: spinors are in the double cover of the space-time symmetry group. If
we are in Euclidean space, then this is the double cover of SO(3), i.e., SU(2) = Spin(3). If we
are in Lorentzian space, then this is the double cover of SO(2,1), i.e., SL(2,R) = Spin(2, 1).

We will spend much of the remainder of this module in Lorentzian signature and take

Yoy = (07,0, 0°%) . (1.48)

1 0 01 1 0
o, = — . ol = . o0, = . 1.49
o 0 1 7 \1 0 7\ -1 (1.49)

9
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The following generators generate SL(2, R)

0 1 1 0 0 -1
657027 =0 = : 667037 =gl = : 667027 =g = . (1.50)
-1 0 0 —1 -1 0

Note that
(7)a(r)s =16 + P () - (1.51)
The main difference is that SO(2,1) has real 2-component spinors while SU(2) does not...

The supercharges form a complex 2 component spinor anyway, so can use either space-time

symmetry group. See Polchinski volume II for a discussion of spinors in various dimensions...

e Both this 3D A = 2 algebra and the N = (2,2) SQM algebra can be obtained via
dimensional reduction of the 4D N =1 SUSY algebra.

e What is dimensional reduction? It is a process to start from some quantum system
in d space-time dimensions and reduce it to a quantum system in d —r < d space-time

dimensions.

e Suppose these r dimensions form some compact manifold, M, (e.g., M, =T" = S x
.-+ x S1). Suppose M, has some characteristic length-scale, L (this could be the period of
the circles in the 77). Then, quantum mechanics tells us that p = n;/L for n; € Z (and
i=1,---,r). As we take L — 0, p — oo and so too the energy... Therefore, in this limit,
the only finite energy configurations are those that are independent of the extra dimensions...
These have n; = 0... Specializing to these modes that have no dependence on M,., we get
the dimensional reduction. This is equivalent to setting momentum to zero in the internal

dimensions....

e Note that symmetries like rotations of these internal dimensions become internal symme-

tries of the dimensionally reduced theory (will see this below).

e Let us return to 4D—3D SUSY. There are unfortunately many conventions at play here...
To get to 3d N = 2, we start in 4D from the Wess and Bagger conventions

{Qaa Qd} = QUZdPu ) (152)
10 01 0 —1
0 1 2
g, — - 5 g ., = s [ ,
1 0
0‘3 . = . 1.53
af O —1 ( )
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we have here both “dotted” (e.g., “4”) and “undotted” (e.g., “a’) spinor indices here. This
is because Spin(3,1) = SL(2,C), so twice as many types of spinor reps. Similarly, for the
Euclidean case, Spin(4) = SU(2) x SU(2), so there are twice as many types of spinor reps.

e Let us now reduce by, say, setting to zero momentum in the z? direction of R* — R3 x S*
(where 2 parameterizes the S'). This means, we set P, = 0 and obtain the algebra we had
for 3D N =2 (we drop the dotted index because in 3D there is no distinction between
dotted and undotted).

e To get to our N = (2,2) SQM, we would start from a slightly different convention for

o
our o, €.g.,

0 —1 ;0 1 0 0 1
Uga = ) Uulyd = ' . ) Uia = ) Uia = . (1-54)
1 0 0 ¢ 0 -1 1 0

We would then set P? = P? = P! = 0. The spin group of the transverse 3D become

generators of the SU(2)r symmetry of the quantum mechanics...

e Back to QFT: roughly, we should treat free quantum fields as operator valued functions

of space obeying equal time commutation relations (in the Heisenberg picture)

[Soa(xh t)a @b(yi, t)] = [Wa(xi’ t)? 7rb<yi> t)] =0, [ﬂ—b(xi? t)’ ¢a<yia t)] = _i(S(Z)(wi - yz>(52 :
(1.55)

e Since we are studying objects that depend on both space and time, we should modify

our superspace differential operators. They become
Qo = o + 17050, , Qo = — 0o — 1747030, . (1.56)
where we raise and lower with ¢ and €ap as follows
eaﬁﬁﬁ =0“, 60‘50_5 =0, eagﬁﬂ =40, , eaﬁﬁ_ﬁ =40, . (1.57)
The SUSY covariant derivatives are now
D, = Oga — 17"%050, , Do = —0ga +iV"?050, . (1.58)
These quantities satisfy

{Dmﬁﬁ} = _Qi'ygﬁau v {Qas Qﬂ} = 2i7¢éfﬁau : (1.59)
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Other useful identities include (Exercise!)
DDy = DD, , {Da,Ds}=-=0. (1.60)

We also have the SUSY integration definitions

/d2002 =1, /d2§§2 =1, /d4092§2 =-—1. (1.61)

e What are some representations of the 3D N = 2 SUSY algebra? Well, we again have our
friend the chiral multiplet, which is a function of 6, and y* = z* — ify*0
_ 1 .
¢ = Oy) +V20U(y) + O°F(y) = o(w) — i07"00,8(x) — 0°0°P¢(x) + V20U ()

%928#1&(3:)7“9 +6*F(x) . (1.62)

Similarly, we have an anti-chiral multiplet

+

= Gly) — VIBI(y) ~ PF(y) = 3a) +i6:00,6(r) — 10°P5(x) — VI (x)
- %9297%)”(3:) L OPF(2) . (1.63)

Note that these multiplets satisfy 0 = D*D,® = D*D,®, and similarly for ®.

e Next week we will continue with our exploration of 3D N = 2.
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